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f ABSTHACT 

The purpose of this paper is to identify hov the theory and 
techniques of research in cognitive development can be applied to the 
study of learning and instruction in matheniatics* Five basic research 
paradigms are characterized; and major directions of lesearch on 
number, measurement « geometry, and adolescent reasoning are identified. 
Most of this research was built upon the work of Piaget and his 
associates. However, recently translated Saviet research and infor-- 
mation processing techniques offer promising alternatives. 

If cognitive development research is going to have a significant 

Impact on education, its theories have to^ be recast into an educational 

context and principles of cognitive development have to be applied 

directly to educationally significant questions.- The role of mathe- 

matics educators should not be to validate or develop aspects of 

different theories of cognitive development but to determine how 

useful these^ theories are in explaining childrens* learning of 

mathematics concepts. Specifically if is Important to focus on 

« 

content that is central to the mathematics curriculum. Furthermore, 
It is necessary to empirically establish how the descriptive information 
from research on childrens* thinking can be applied to prescribe 
instruction. One of the most promising directions for such research 
is to attempt to determine how content can be designed and sequenced 
to reflect or build upon childrens' informal mathematical concepts 
and strategies. A'- second potentially productive line of research is 
attempting to identify how instruction may be individualized to match 
chi]drens' level of development. ' % 

vii 



Cognitive Development Research and Mathematics Education 



The basic concern of research and theory in cognitive development 
is to describe the growth of basic concepts of children over time and 
explain the processes by which these concepts are acquired and applied. 
Cognitive development can be characterized in a niaaber of different ways. 
A useful distinction between two different conceptions of cognitive develop- 
ment has been proposed by Reese and Overton (1970) . One is based on an 
organismic model and is represented by the works of Piaget and his 
followers. This nK>del takes as its analog the biological organism and 
is concerned with the development of complex cognitive systems. The other 
conception of cognitive development is based on a mechanistic model and 
is essentially an extension of behavioris tic theories to explain develop- 
ment. The theories of Gagne (1968, 1977) regarding development are repre- 
scntative of this orientation. The mechanistic model is based on the machine 
and is concerned with the development of discrete chainlike associations. 
From the mechanistic perspective the only distinction between learning and 
development is the duration of time involved. Development deals with 
change in behavior over weeks, months, or 'years whereas learning theory 
deals with' changes in behavior over much shorter periods of time. 

Even within the organismic framework cognition is an elusive concept. 
However, although any attempt to characterize cognition in detail remains " 
open to argiHttent, c<^rtain fundamental premises of the organismic model 
can be identified. The basic premise is that ^ny intelligent behavior 
must be explained by reference to internal psychological mechanisms of 

8 
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some kind (e.g,^ groupingSf transitive inference^ logical grammars^ etc.)# 
There is far from universal agreement as to what internal mechanisms are 
most appropriate „ for explaining intelligent behavior, but the general 
orqanismic View is that these internal meclianisms are organized into well 
integrated structural systems rather than consisting of a series of inde- 
pendent associations « Furthermore , it is generally recognized that these 
syf^tems are not restricted to higher order conscious behavior but operate 
on a wide range of mental functions, including su functions as perception 
and memory • 

From the organ ismic perspective , the study of cognitive development 
1 :^ the ntudy of the development of these cognitive systems. Whereas 
learning involves the application of intellectual structures to ne^ events, 
(ic.'Volopment i^ntaili; transformations in the cognitive structures themselves. 
The laimary focus (jf <icvelupmt.»ntal rcst-urch is not to identify what 
f;pi'cjfic knowledqe a child |x?sses'jes at a given ix^mt in time but to study 
how t ho child processt^s; or operatc^s on information . There is relatively 
little concern with findmq out which addition facts are Known by most 
socond graders or identifying the age at which most children ^master addition 
of two-digit addend.s; the f(3cu^:; is on concepts like conservation, transi- 
tivity, and scriation that involve the application of logical inference 
and set»m to ht» cloiicly linked to underlying cognitive structures- The 
interest in a concept like conservation is not simply that it is an 
important bit of factual knowledge, that is, that quantities remain 
invariant under certain transformations . Hather performance on conservation 
taskK is vif»wed as a measure of underlying cognitive? structures that the 
child can apply to a wide variety of problems* In other words a child • S 
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perfoxrmance on a conservation task does not simply demonstrate a knowledge 
of an isolated fact about the physiciil vjorld, • It is indicative of the 
way that child processes information in a variety of ptrobXem situations. 
This is a central issue in cognitive deveiopnient . Those who attach 
relatively little significance to concepts like conservation generally 
regard them as no more than bits of factual Knowledge^ whereas those who 
attribute a central role to such concepts regard them as measures of basic 
cognitive processes. 

Mechanistic models do not recognize the integrated cognitive systems 
that are the essence of cognition within organismic models. Although 
internal mediating responses are acceptable, these are organized into 
chainlike associations rather than integrated into complex systems. 
Mechanistic models also are more concerned with product than with process. 

As with cognition, the two types of models provide radically different 
conceptions of the nature of development. In organismic models the individual 
actively participates in the construction of knowledge- New information 
is not received passively. The subject actively assimilates it into and 
interprets it in light of the existing cognitive structures. The mechanistic 
position is that knowledge is a copy of reality and that people are 
essentially reactive rather than active in acquiring knowledge. 

Experience plays a key role in development in both types of models, 
buc experience is characterized in different terms in each type of model. 
Within organismic models experience traditionally has been regarded as 
a function of the sura of all an individual 's experiences . The environment 
is considered to be something of a black box within which specific cause 
and effect factors are undif ferentiabie. Research based on organismic 
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models traditionally has been observational and correlational rather than 
experimental, and until recently there has been little attempt to manipulate 
experimental variables. Note that this holistic view of experience is 
an integral part of a theory that hypothesizes the existence of an inte-- 
qrated cognitive system in which individual elements cannot be significantly 
altered without changing the structure of the entire system. 

Mechanistic models, on the other hand, fcfcus more on the specific 
effects of training . In the last 10 to 15 years there have been 
an increasing number of training studies that have been based upon tra-* 
di t lonal organ ismic variables * Indeed, even from an organismic perspective 
it IS becoming accepted to attempt to identify specific mechanisms of 
development. Even Piaget and his associates have been conducting training 
studies in the past few years (Iniielder , Sinclair & Bovet, 1974) . Thus, 
organismic mcideis do not preclude the analyzing development or studying 
p/irt procoryi3f^s . However, the parts must ultimately be interpreted in 
context of the whole of which they are a part. 

\ 

The ultimate 550urce of cognitive mechanisms is another point of 
disparity. Most mechanistic n^odels hypothesize that bi^havior can be 
iXj^lained ^jtrictly on the basis of environmental determinants, and it is 
assumed that all internal mechanisms originate solely from experience. 
However, organismic models allow that some structure exists at birth and 
that others develop through maturation and the interaction of present 
structures and the environment. 

Organismic models generally view development as proceeding t^irough 
an irreversible, fixed sequence of qualitatively different stages; and 
the mechanistic model views development as essentially continuous, 
reducible to quantitative change. Thus, for organismic models development 
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results from change in the organism itself; and for mechanistic nu:?dels 
development reduces to quantitative increments. 

Organismic models tend to be teleological in that they are goal 
oriented in their characterization of cognitive development. For example, 
a child is inexorably developing toward a stage of formal operations. 
Mechanistic models, on the other hand^ do not rely on teleoiogical causes 
to explain development. Organismic models also tend to be nu^re species 
specific. Their proponents maintain that to understand human behavior 
it is necessary to study cognitive development of people, whereas, proponents 
of mechanistic models are more likely to generalize from research with 
simpler organisms . 

Many of the significant issues in cognitive development reduce tu 
differences over which type of model of cognitive development is nv^re 
appropriate- Issues involving the stage concept, the otfect of trair^mq, 
and the significance of conservation all revolve around the cjuetition ot 
which t-ype of model of cognitive development has boon adopted. Exper iim^ntal 
paradigms have been proposed (Watson, 1968) and a wide range of studies 
{Beilin, 1971) have been conducted that attempt to resolve the conflicting 
theories that result from adopting one or the other of these two itKJCieli^, 
In general, these studies have done little to resolve the basic i.^sues 
or establish the validity of either model. 

Reese and Overton (1970) propose that these models represent two 
independent world views that are based on different sets of assumptions 
and are essentially irreconcilable* In essence, this means that it is 
futile to attempt to synthesize an organismic approach like Piaget's with 
a behavioristic, mechanistic approach. In fact, the central question is 
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not which model is valid or accurate. It is not being asserted^^at the 
model describes the way that cognition actually developSf only that the 
model accurately describes behavior. To quote Reese and Overton (1970) ^ 
"It is not being asserted [in a model] th<g real world is thus and 

only that the real world behaves as if it were thus and so" {p. 120). 

Thus, the relevant qxxestion is pragmatic. Which model is iK>re " fruitful 

f 

for adequately explaining and predicting behavior? Since ^any swael 
limits the doma|.n of problems that are susceptible to investigation, 'the 
choice of a model essentially involves a value judgment as to which problems 
are most significant to solve. • 

Since neither model appears to be sufficient to i?.ccount for the whole 
range of human behavior # several eclectic theories have emergejS* For 
example, White (1965) maintains that at about the age of b to 7 years 
qualitative change occurs in children's behavior. A mechanistic, associative 
model best accounts for early behavior while a cognitive model is ^pDst 
appropriate after this transition. Kohlberg (1968) and Uznadze tl966) 
also attempt to integrate the two models to explain simple and more 
complex behavior. 

Many of the lower level skills in mathematics, like learning addition 
facts, are readily reduced to associations and lend themselves to analysis 
in terns of mechanistic models. However, most of the more interesting 
complex cognitive processes are more adaptive to cognitive, organismic 
models. Although it is not always clear what sort of n^Ddel a particular 
researcher has adopted, most of the cognitive development research that 
is of particular interest for the learning and teaching of mathexnatics 
is based on organismic models, and they will be dealt with s»st coirpletely 
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in this chapter.. For a more complete discussion of the mechanistip 
position with respect to cognitive development, see Baer (1970) or Bijou 
^ and Baer (1961) . 

Cognitfive development is an extensive field that is impossible to 
characterize adequately here. Consequently it is necessary to assume that 
the reader his some "familiarity with .the work in this area. Most of the 
research that has the greatest potential significance for the teaching 
and learning of mathematics has been based on the work of Piaget. Several * 

excellent summaries of his voluminous works exist elsewhere, and no attempt 

S 

has been made to duplicate or summarize these efforts- Piaget 's basic 
positions have not changed significantly in recent years and early studies 
on number, space, a|id geometry still provide the basis for much of the 
research on the teaching and learning of mathematics. Consequently,' Flavell* 

(1963) summary is still one of the best statements of Piaget' s basic theories 
and research available. For more recent and somewhat more general 
discussions of theories and research in cognitive development, see Flavell 

{1970, 1977), Gelman {1978), and Ginsburg and Kosiowski {1976). 

Major Paradiyns of Cognitive Dev€?lopment Research 

Wohlwili (1973) has outlined a hierarchical model for the study of 
development problems which with certain nipdif ications provides a useful 
framework for .characteriEing cognitive development research in mathematics 
education. Wohlwill places certain restrictions on the criteria for 
suitable behavioral dimensions that would disallow many of tjie problems 
of central interest in mathematics education . ^ In research that is 
primarily concerned with explaining the general cause of cognitive 

- '4 • 



8 

development, variables that develop independently \of specific experiences 
or specific school curriculum are generally most appropriate. Although 
the foundations of mat^y matiiematifcal concepts may fit these criteria, most 
mathematical concepts are acquired under the influence of instruction. 
It can be argued that concepts'^ that are influenced by instruction are not 
truly developnental^ but tiiis distinction does not seem very productive. 
If certain mathematical concepts show the same stagelike characteristics 
as pure developmental concepts, the ^ paradigms ''and techrfiques of research 
in cognitive development can prove useful in their study and should be 
applied* Experience plays a role in the development of most concepts. 
When instruction is a factor, there is simply a greater pot^tial for 
variability in the development of the given concepts. The important point 
is that at each level of Woljlwill's model, it is necessary to identify 
the specific effects of instruction when appropriate • If this attention 
to the effects of instruction is built into the model, Wohlwill's general 
model provides a useful framework to describe the major paradigms of basic 
research in the development of mathematical concepts, 

Wohlwill identifies five basic phases in research on development: 
(a) the discovery and synthesis of developmental dimensions,' (b) the 
descriptive study of change, (c) the correlational study of age change, 
(d) the study of the determinants of developmental change, and (e) tl^e 
study of individual differences in development. Although there is an 
implied hierarchy, research has generally been conducted at each of the 
levels simultaneously. Ideally / the results at lower levels provide a 
foundation for research at higher levels, and conclusions reached at 
lower levels are consolidated and possibly revised on the basis of w>rk 
at adV'inced levels. 



The Discovery and SyntJiesis of Developmental Dimensions 

The first ta^k in investigating the 'development of mathematical 
concepts is to identify the dimensions to be used to describe development. 
In the study of the development of mathematical concepts^ the specific 
variables to be investigated have been derived from two primary sources* 
(a) the mathematical axicsns * and^ theorems underlying the concepts under 
investigation and (b) the general study of cognitive development. / 

The study by Wagman (1975) is an example of an investigation employing 
varicibles derived from the mathematical structure of area measure • 
Although the study is similar to those based on psychological considerations, 
Wagman maintains that most studies in the general cognitive development 
tradition have not investigated some of the significant aspects of area 

measure. Tlie implication is that by beginning with the mathematical 

/ 

foundations of a subject one is more likely to provide a complete picture 
of the development of a mathematical concept. The studies reported by 
U3V|li (1971a, 1971c) on the growth of the concept of a function and the 
de\felopment of the concept of mathematical' proof provid<^ additional 
examples of mathematically derived dimensions. 

Most of the research on the development of mathematical concepts that 
has evolved from the general study of cognitive development has been based 
on the work of Piaget and his associates. For Piaget, .certain logico- * 
V mathematical structures {e.g., groupings) provide excellent models of actual 

cognitive processes used by older children and adults. (For a more 

\ 

complete discussion of groupings, group- lattice structures, etc., see Flavell, 
1963.) According to this theory the major elements of cognitive development 
can ultimately be described in terms of the development of these logico- 
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mathematical structiires. Thus, for Piaget these structures provide the 
major dimensions for the study of cogni1d.ve develqpment . However, although 
such structures are appealing for their mathematical elegance^ to 
hypothesize the existence of these structures requires a high degree of 
inference, and their usefulness for explaining the development of basic 
mathematical concepts is open to question (Steffe, 1973). 

Most research in the development of mathematical concepts has focused 
directly on principles like conservation, transitivity # seriation, and 
class inclusion, that are more i^eadily observable than grouping structures. 
However, although these principles are less obscure than grouping 
strvi^tureSi researchers are still plagued by the problem of constructing 
criteria ^hat are necessary and sufficient to establish whether or not 
a child has attained an operational level in applying them. 

Developmental dimensions should be sufficiently situation independent 

f 

to generate valid, rt-^liable measures of development. Researchers are 
faced, however, with the well documented problem of horizontal decalages. 
Although it seems that operations with the same logical structure would 
readily transfer from one problem situation to another, this is not the 
case. For example, conservation of mass is attained as young as 7 years, 
while conservation of weight is not attained until at least 9 years, and 
volume is not conserved until 11 or 12 (Piaget & Inhelder, 1941; EJkind, 
1961) . Thus, although it is desirable to define developmental dimensions 
in terms as general as possible, some specification of the domain of 
application seems unavoidable . It is not sufficient to identify children 
as conserversj it is necessary to specify whether they conserve one-to-one 
correspondence, continuous quantity, weight, or volume. 
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Unfortunately, the problWn does not disappear with the specification 
of the domain in which the operation is applied. Methodological variations 
accovmt for significant differences in children's performance on tasks 

te^tin^ logical operations. Differences in the criteria for success, the 

I. 

use of verbal or nonverbal procedixres, the presence or absence of conflict , 
and variations in materials or protocols all significantly affect children's 
level of performance (cf. Geotge, 1970; King, 1971; Sawada & Nelson, 1967; 

Shantz & Smock, 1966? Stone, 1972; Uzgiris, 1964). Furthermore, these 
differences are not trivial. Methodological variations account for a 
four^year age differential in the acquisition of transitivity {Bailey, 1971; 
Smedslund, 1963}. This has led to sustained debate^ over appropriate re- 
search methodology (cf. Braine, 1959, 1964; Smedslund, 1963, 1965). 
Methodoloqical issues frequently involve basic philosophic differences 
that seem to go back to fundamental mochanistic-organismic distinctions. 
This makes any empirical resolution virtually impqssible. 

One proposal for dealing with experimental variability and the decalage 
tissue has been put forth by Flavell and Wohlwill (1969). The wi?ole problem 
centers on what performance is necessary to demonstrate competence for 
a given logical operation. Flavell and Wohlwill pilose that an anal^ysis 
of cognitive development should incorporate a competence-performance 
distinction similar to Chomsky's model for language acquisition- The 
competence component of the modal is the logico-mathematical structure 
of the domain, and the performance component represents the psychological 
processes by which the structures in the competence component are accessed 
and applied to specific tasks. The competence component is an idealized 
abstract representation of what is knowxi or understood, whereas the 
performance component must account for the reality of stimulus variations. 
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conflicting information, and memory limitations* 

In Flavell and Wohl^i 11 * s model, a -child's performance for a given 

operation should be specified in terms of three parameters: P , the 

a 

probability that the operation will be functional in a given child; P^, 
the probability of the operation being applied to a given task; and k, 
the weight to be attached to in a giv^n child at a given age. The 
equation for the probability of a given child solving soaae particular 
task is: 

P (+) = P X P^ - 
a b 

Any description of development must account for P as well as P . 

b a 

In other words, developmental dimensions cannot be based completely on 
logical operations • They must also be defined in terms of attributes of 
potential problem situations tha-t affect performance. 

Th e Descriptive S tud y o f Change 

Once developmental dimensions have be*=^n selected, the task is to 
describe the course of development* along these dimensions. This is 
the descriptive phase Of the research program thai: characterizes the 
initial efforts in almost any field of scientific endeavor • Educational 
re:5earch in general has been marked by a disdain for this phase of the 
scientific process. Major curriculum projects and elaborate theories of 
instruction have been grounded on extremely limited empirical foundations. 
Rather than beginning With a careful observation of children learning 
mathematics, research has too' often been initiated with narrowly defined 
hypotheses tested in carefully controlled settings using standardized, 
objective instrumentation. Standardization and experimental control 
certainly have their place in research. But if controlled experimentation 
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is pxreceded by careful observation, the experimenter has a much better 
basis for explaining specific results • In addition^ the experin^nter 
should gain a clearer idea of what el^ents are not being tapped with 
the standardized instruments and should be able to design items" that get 
at the most significant variables. 

In many scientific fields carefully controlled research is not 
initiated until the experimenters have a sufficient empirical basis to / 
be virtually certain of their results. That this paradigm has seldom 
been applied in educational research may in part account for the syndrome 
of no significant difference and the general lack of real progress in 
identifying significant educational variables. 

Research in cognitive development has been somewhat less guilty in 
this regard than educational research in general. In fact, demonstrating 
the usefulness of clinical interview techniques and the wealth of infor- 
mation that is contained in incorrect responses may be one of the most 
significant contributions of Piaget to research in the learning of 
mathematics. 

Ginsburg (1976) has made one of the strongest cases for the use of 
clinical-observational techniques in studying the learning of mathematics- 
He maintains that standard tests often misrepresent children's competence. 
Consequently a greater emphasis on the flexible observation of children's 
mathematical thinking is required. This point is aptly illustrated by 
Erlwanger's (1973, 1975) evaluation of IPI using flexible interview 
techniques- Although standardized tests generally iiidicated that certain 
children were successfully progressing through the IPI program, clinical 
interviews uncovered a number of serious misconceptions that firlwanger 
attributed to the program's specific niture, 
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Although the potential richness of clinical observation and inter- 
active intetview techniques is generally acknowledged^ serious questions 
concerning their validity and reliability have been raised* To overcome 
these objections r most of the replication studies based on Piaget's 
original research have attempted to standardize protocols and procedures. 

Frequently the standardized procedures imppse less stringent 
conditions for assuming a child has attained a given operation which 
results in identifying earlier ages of emergence of the operation. 
Piaqet and his associates require thait in order for a child to be judged 
operational for a given concept the following criteria must be met: 

(a) they must inake the correct judgment with respect to the given operation, 

(b) they must justify their response, (c) they must resist verbal counter 
suggestion, and (d) their performance must transfer to related tasks 
(Inhelder & Sinclair, 1969) . , 

Brainerd (1973a, 1977) contends that these criteria are too restrictive 
and result in too many false negatives. He proposes that children be 
required only to give correct judgments and not to justify their answers* 
Otrt"^rs have proposed using nonverbal techniques that minimize verbalization 
of both the experimt^nter and the child (Braine, 1959; King, 1971? Miller, 
197b; Sawada & Nelson, 1967) . 

Although standardized techniques are definitely needed at some point 
in the research process, much of the richness uncovered using more subjective 
techniques is lost. Standardized protocols seldom uncover the transitional 
stages of performance on a given task that are identified by Piaget and 
others using interactive methods. The proponents of standardization 
could respond that thi^se transitional stages are simply illusory anyway, 
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^whereas those favoring interactive procedures would maintain that the 
standardized techniques do not tap genuine operational competence • 

This division tends to split along philosophical lines. Those 
favoring a mechanistic model believe that important cognitive outcomes 
should be specifiable in terms of overt behavior. Therefore they take , 
a hard line on standardized techniques those favoring interactive 
methods tend to fall in the organismic camp. To some degree these 
methodological issues present a false dichotcwy. It is not a question 
of either-or. Both paradigms have their strengths^ and weaknesses- Some 
standardisation io necessary in studies comparing instructional treatments 
and in studies comparing the relative difficulty of two or more tasks , 
In these kinds of studies, objectivity is of central concern. Standardi- 
zation is also ultimately needed to test hypotheses and determine the 
prevalence of specific responses. On the other hand interactive methods 
also have thoir place, and clinical case study research should be recog- 
nized as legitimate research endeavor. Something is lost and something 
Is gained with each paradigm, and both clinical and controlled studies 
are needed p . 

Up to now, researchers favoring one type of study or the other have 
tended to rely exclusively on the design of their choice. Because of the 
variability introduced by differences in materials and procedures, it has 
been difficult to equate the two bodies of research. Researchers wouj^d 
be well advised to incorporate both types of design in their programs, 

* In either case the goal of "this phase in the research program is to 
describe the course of developnent along the dimensions that wer^ laid 
out in the first phase discussed above. For the most feart, the develop- 
mental dimensions that have been of greatest interest in describing learning 
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in mathematics have been qualitative rather tMn quantitative As a 
consequence, deVelGpanent cannot be described in tensts of a mathematical 
function like one might generate from a test of word recognition. .Instead, 
the problem becomes ot>e of describing invariant sequential patterns of 
qualitatively diffr^rent responses. The main task reduces to specifying 
the sequence in which behaviors appear during the course of developaient 
along with determining bow invariant this sequence is for a given sample 
of children. 

Son^ attempt has" been made to establish age norms for the emergence 
of specific responses. However^ in addition to the variance introduced 
through experimental variation, cultural and , socioeconomic factors create 
an almost overwhelming obstacle in this regard. Although estimates of 
such age norms are useful as benchmarks and they do provide some measure 
of the duration of different stages of development, caution should be 
exercised in their application. 

The Correlational Study of Development 

The development of most mathematical concepts of real interest, like 
number or measurement, are not readily described along a single dimension. 
These concepts involve th^ synthesis of a number of logical operations, 
and therefore multiple measures are required. Furthermore, it is impossibl 
to understand the development 'of a concept by considering it in terms of 
isolated, independent dimensions. 

One of the major aims of cogni tive-develop^nental study 
is to identify and interpret the temporal relations that 
may hold among conceptual acquisitions. For any pair of 
acquisitions A and B, the most interesting of such relations 
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are invariant concurrence {A and B develop synchronously 
in all children) and invariant sequence (e.g*, A develops 
earlier than B in all children). (Plavell, 1970, p. 1034) 

Developmental sequences . By analyzing the structure of various 
problenis, one can hypothesize that certain concepts must be learned before 
others because the development of the first mediates or, in some way 
contributes *o the development of, the second. The difficulty is that 
by analyzing tasks in different ways different sequences can be identified. 
For example, one can construct a reasonable argument for conservation 
preceding transitivity or for transitivity preceding conservation {cf . 
Brainerd, 1973d) . For this reason logically derived sequences must be 
compared with the actual sequencec of development, so that hypotheses can 
be tested regar^ding factors that contribute to the develo^ent^of a concept 
and the processes that a chitd is using to solve a given probleim. 

Although developmental sequences are an integral part of Piaget's 
theory, his method of comparing mean ages of development for different 
samples of children is inadequate for verifying the existence of such 
sequences. Repeated measures on the same subjects are required, the 
most effective of which would look for sequence reversals. If the 
development of B depends on the development of A, there should be an in* 
variant A - B sequence; and B should precede A only in cases of measurement 
error. Where more than two tasks have been involved, scalogram analysis 
techniques have frequently been applied (Kofsky, 1966; Wohlwill, 1960, 1973) 
Longitudinal design provides certain information that is inaccessible using 
cross-sectional methods; and invariant sequences identified in cross- 
sectional studies should be confirmed with longitudinal study, where the 



IB 

sequence of development can be observed directly within individual subjects. 
However,, because of the practical probleiiis involved, relatively few 
longitudinal studies relating to the develo{xnent of mathematical concepts 
have been conducted (cf . Almy, Chittenden & Miller* 1966; Almy^ 
Dimitrovsky, Hardeman , Cordis , Chittenden & Elliot, 1970; Carr, 1971; 
Dudek & Dyer, 1972; Little^ 1972; Niemark & Lewis, 1968; Hooper & 
Klausmeier, Note 1.) 

The objective of the study of developmental sequences is to establish 
some functional relationship between tasks that accounts for observed 
invariant s^uences. A key problem in this endeavor is the sensitivity 
of the tasks used to measure the individual concepts. An observed A - B 
sequence may simply result from the fact that the task measuring B is less 
i:icnsitive than the task measuring A and consequently yields a greater 
numbpr of false negatives. If there is sufficient time lag between the 
development of different concepts as with conservation of mass, weight, 
and volumi', there may be no serious problem. But most sequences of 
greatest interest occur over shorter periods of time . 

For example , the sequence of development of conservation and transi- 
tjLvity is of some potential significance for understanding the development 
of number concepts because it may reflect the ordinal^-cardinal controversy 
{see Brainerd, J 976) . Piaget and Inhelder (1941) ir tially proposed that 
the two concepts develop synchronously, but with the exception of a study 
by Lov^ll and Ogilvie^ (1961), most of the initial replications found that 
conservation develops before transitivity (Kooistra^ 1964; McManis, 1969; 
Smedslund, 1961, 1963, 1964; Steffe & Carey, 1972). The^e studies, 
however, have been criticisied by Brainerd {19733) for failing to equate 
the relative sensitivities of the assesf.ment tasks. Each of the studied 
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employed perceptual illusion in the transitivity tasks. Using ta^kS' 
that did not involve perceptual illusion, Brainerd (19 73d) found that the 
development of transitivity precedes the development of conservation. 
It is not clear that Brainerd 's procedures are any nrare equitable than 
the others, since the conservati^ tasks involved perceptual illusion and 
the transitivity tasks did notC At this point, the most reasonable 
conclusion seems to be tiiat the sequence of develcpment appears to 
depend cm what evidence one requires for the respective operations If 
one compares the standard conservation tasks to the weaker definition of 
transitivity, then it appears that transitivity develops earlier. If one 
insists on stronger criteria for transitivity, then it appears that 
conservation develops earlier. Unfortunately there are no valid empirical 
procedures to^ resolve this issue. No task has any special claim to be 
the measure for a given operati The competence-- performance distinction 

involved again, and it appears necessary to account for the performance 
dimenjiion in the characterization and explanation of developmental sequence 

Developmental concurrences . Piaget*s theory hypothesizes that new 
cognitive structures that can be applied to a wide range of problems emerge 
within a given stage of development. Furthermore, these operations are 
intc^'jrated into unified structural systems. This would seem to imply 
that development would be marked by the synchronous development of a 
variety of abilities, which should be mainfested by consistent failure 
or success across a number of different tasks. Not only should tasks 
with the same inherent structure be mastered concurrently, but because 
of the hypothesized interconnectedness of logical operations, similar 
concurrences should be found for related operations. 
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The stage concept is potentially useful because it proposes to predict 
behavior over a wide range of tasks. Thus^ performance on a small set 
of tasks should be sufficient to predict performance on a large domain 
^ of related tasks. Unless this sort of generalization is possible, the 
stage concept has little practical value for education. Unfortunately, 
very few consistent concurrences have been fovmd. Although certain 
logical operations may ultimately be integrated into a structure d* ensemble, 
they appear to emerge asynchronously and initially generalize to a 
restricted number of problein situations. 

In spite of the almost insurmountable obstacles in terms of horizontal 
decalages and methodological variability, the correlational study of 
development is central to the applying research in cognitive development 
to education- Decisions involving the sequencing of content and matching 
instruction to appropriate levels of children's development both rest on 
such study. For a more complete discussion of this topic the reader is 
referred to the articles by Flavell {1.970, 1971, 1972), Pmard and 
Laurendeau (1969), and Wohlwill (1973). 

The Study of Developmental Change 

The most widely used approach to investigate the factors affecting 
devolopmental change is the training udy . Extensive reviews of 
Piaqetian training studies can be found in articles by Beilin (1971) , 
Brainerd (1973), Brainerd and Allen (1971), Hatano (1971), Glaser and 
Resnick (1972), Strauss (1972), and Wohlwill (1970). The typical 
training study has eit^loyed a relatively short period of training, fiost 
treatments have consisted of a single short training session, and few 
have involved more than 10 half-hour sessions • Typically, the treatments 



and pretest and posttests have been administered individually or in sniall 
groups; and training has involved a single logical operation like conser- 
vati6n, seriatibn-, or transitivity, ^ 

Beilin (1971) identifies three generations of training research. 
In the first generation, studies were designed to substantiate basic 
elements of Piaget*s theory of cognitive development. One group of 
studies has attempted to induce logical operations by creating a state 
of disequilibrium with respect to the given operation. Other studies of 
this genre have focused on mental operations such as addition-subtraction 
or reversibility^ that are presumed to be ^involved in the natural develop- 
ment of the concept to be trained. 

The second generation of training studies were based on the hypothesis 
that Piaget • s stage theory is overly rigid in the limitations it places 
on cognitive development. A number of these investigators believe that 
the acquisition of logical structures can be accelerated and reject the 
equilibration model as the sole explanation for their acquisition. They 
do not accept r for example, that reversibility and compensation are the 
essential mechanisms leading to conservation. Some studies have trained 
children to attend to relevant attributes and disregard or ignore misleading 
perceptual cues. Another group of studies has relied on verbal rules or 
feedback in training. Others have employed techniques of conformity 
training, pairing nonconservers with conseirvers or exposing nonconservers 
to expert models. 

Studies of this second type continue to be a major force in Piagetian 
research. However, there is a third generation of studies whose objectives 
are different from the other two. The aim of these studies^ which are 
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conducted by the Genevans themselves , is to investigate the psychological 
mechanisms that underlie the transitions between stages. These studies 
attend more closely to the stage of development of ^xibjects before 
training and spezrify in much greater detail than the earlier stuciies the 
specific effects of training. The perspective of these studies is that 
training only extends the domain of application of operational structures • 
It does not initiate the develojmient of new operations. According to this 
view, "The development of operat:^vity is malleable only within the limits 
imposed by the^ nature of development" (Beilin, 1971, p. 101). Evidence 
of the development of an early emerging operation like the conservation 
of number is prerequisite for successful training of more advanced 
concepts. In terms of the Flavell and Wohlwill (1969) model, training 
operates on the performance component rather than the competence component , 
of the model . 

Although many individual studies failed to demonstrate significant 
training effects, almost every type of training procedure has been able 
to accelerate the acquisition of logical operations. However, they have 
failed to identify the specific mechanisms that lead to th^ development 
of the operation One difficulty is that researchers often"" fail to agree 
on the specific mechanism that is operating in a given training procedure . 
One researcher may attribute the effect of training to learning to attend 
to relevant dimensions, and another may identify latent reversibility 
training as the significant variable {cf . Brainerd & Allen, 1971) . 

Tliere has also been a failure to distinguish between necessary and 
sufficient conditions for the development of a given operation. A basic 
assumption underlying many training studies is that if training accelerates 
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the acquisition of a given operation then the conditions of the training 
must be crucial for the natural development of the opecat^on. Just 
becaus^ a traii>ing condition has been sufficient to accelerate the 
acquisition of an operation does not mean that condition is necessary for 
the development of the operation. With regard to this point Wbhlwill 
(1973) concludes: 

Thu^, we have had a parade of training conditions which 
to varying extents and degrees 'of consistency have shown 
themselves to be sufficient to induce conservation, at 
least given a child within a particular age range. But 
. the relatipnship between these conditions and the process 
of conservation as it takes place naturally--"*^haj:. is the 
question of the pla\isibility that these conditions could ^ 
in fact have been operating in the child's extra laboratory , 
experience — has rarely been examined- If it had been, it 
would quickly have become apparent that most of them, from 
rule learning to reversibility training, from cognitive 
conflict to reinforced practice, are of Rubious relevance 
to that experience. (p. 323) 

Virtually all training studies have found that training transfers to 
novel materials not used in the training procedure. This specific trans- 
fer applies to sitnaations in .which the tasks are similar to those used 
in the training and only the specific materials are changed. For example, 

toy cars may be used in conservation training and poker chips in the 

ff 

specific transfer task. Nonspecific transfer applies to situations in 
which the traired logical operation extends to a new domain of application 
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(e.g., transfer of training on length to area). This type of transfer 

has been more difficult to achieve , although several studies have reported 

considerable success (e.g.^ Bearison, 1969; Gelmaiif 1969). The difficulty 

in finding nonspecific transfer is not especially surprising given the 

prominence of observed decalages in the natiaral develo{»3ient of operations. 

Transfer between logical operations (e.g., conservation to transitivity) 

« 

has been even more difficult to achieve. 

Wohlwill (1970) proposes that cognitive development can be thought 
of as a combination of horizontal and vertical transfer. The larger the 
number of vertical steps the learner must climb to reach his goal^ the 
narrower the span of generalization or horizontal transfer. Wohlwill also 
observes that the amount of transfer appears to be a function of the 
breadth and intensity of training. 

Several studies have tested for retention over periods ranging from 
one to seven months. Almost universally they have fou^id that the trained 
concepts have been retained. The picture is somewhat different when a 
specific effort is made to extinguish a given concept. According to the 
stage theory of development, once an operation is fully attained it should 
be extremely resistant to extinction. An early study by Smedslund (1961) 
found that trained conservers readily abandoned conservation judgments 
when they were deceived with an example in which it appeared that weight 
was not conserved. Natural conservers were much more resistant to such ^ 
extinction. This seemed to imply that the trained ponservers were giving 
only super Lcial responses and had not attained a genuine operational' level . 
Recent studies have failed to confirm these results. They have found no 
appreciable differences between trained and natural conservers in their 
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resistiance to extinction or countersuggestion. In general, earlier 

^developing concepts like number have p'roved to be quite resistant to 

♦ 

extinqjaon for both groups, whereas later developing • concepts like 

weight are quite easy to extinguish for both natural and trained conservers 

(Brainerd, 1973c) . 

Although the goal of much of the training research has heen to 
understand the specific mechanisms of development, not to accelerate 
development per se, a number of studies have been conducted whose only 
apparent goal is to demonstrate that training of a specific operation is 
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possible. Many studies condSfcted by researchers interested in problems 
dealing with the learning of mathematics have been of this type. The 
assumption underlying these studies seems to be that a specific operation 
like conservation or seriation is apparently important for learning basic 
mathematical concepts. Therefore, i-^ these operations can be successfully 
trained, the subsequent learning of basic mathematics will be facilitated. 
Although these studies have frequently been successful in training the ^. 
specific operations, none have demonstrated that any significant savings 
transfer occurs in the learning of subsequent mathematical topics. In 
fact, in a follow up to one of the \ more successful conservation training 
studies. Bear i son (1975) concluded that the training had no effect on the 
sxibs^squent learning of number pkills. 

Acceleration development has been a major issue in cognitive develop- 
ment. Piaget has questioned why Americans are so interested in accelerating 
development when the basic operations develop naturally anyway. This 
concern has been echoed by Glaser and Resnick (1972), who have questioned 
whether -early stimulation will lead to richer growth or just faster growth. 
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Elkind (1971) and Wohlwill (1970)' have hypothesized that the longer 
formal instruction is delayed^ up to reasonable limits, the longer the 
period of plasticity resulting in a richer ultimate level of achievement 
with greater flexibility and creativity. Elkind (1970) has also proposed 
that development is a whole-organism pfeenc^nenon and that accelerating any 
single part of it may encourage maladaptation. Both hypotheses remain 
to be proven, but at this point there is scant empirical evidence that 
any attempts to accelerate development result in any desirable educational 
outcomes . 

It has been amply demonstrated that training using a variety of 
different training procedures is possible. Future training studies need 
to be designed so that they provide a greater understanding of the specific 
mechanisms of development. Such studies should provide answers to the 
following (Questions : (a) What are the prerequisites for attaining a given 
level of cognitive developnent? (b) What are the specific experiences 
that contribute to the development of a given concept? {c) Once a concept 
has been learned, to what extent does it generalize? This involves (a) , 
measuring subjects' entering knowledge and level of development; (b) carer 
fully designing training that is based upon a reasoned theoretical rationale; 
and (c) measuring specific outcomes, including transfer and retention. 
Results should not be reported using global measures of group success^ or 
failure. Instead, some attempt should be made to account for the differential 
effects of instruction on individual subjects/ Future training s'^udies 
will contribute to our knowledge only in so far as they can help us to 
understand how development proceeds in individual children. 

An example of a study that incorporates many of the recommendations 
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listed above is the teaching "experiment" of Steffe, Spikes, and Hir stein 

(Note 2) . The purpose of their study was to investigate whether tvo 

clusters of Piagetian variables, class inclusion and consezrvationf are 

prerequisites for first-grade*' children's learning certain numfc^r concepts. 

Twenty-nine individual measures were clustered into the two readiness 

variables and seven achievement variables. Subjects were divided into 

two groups. For one groups/* instruction was carefully designed and 

monitored • The other group received regular classroom instruction. 

The treatment consisted of approximately 40 hours of instruction over a 

three-month period. The results are complex and difficult to summarize, 

but evidence indicated that conservation was not a prerequisite for, 

learning some number skills, the learning of conservers was qualitatively 

different from the learning of nonconservers . Specifically, the conservers 

could transfer their learning to an unfamiliar task, whereas the non- 

conservers generally could not. This conclusion was possible only because 

of the completeness of the dependent and independent variables and the 

duration of the instructional treatment. 

i 

Individual Differences in Development 

For the most part, individual differences have been virtually ignored 
in the study of cognitive development. Wohlwill (1973) observes that 
"the real problem appears to be the failure of psychologists at either 
end to coxse to grips with the question, how developmental and differential 
foci may effectively be integrated into a coherent ^ole" (p. 333). Such 
an integration may take several forms. One involves the study of individual 
differences in development. A second involves the study of the development 
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of individual differences. In the first case the Variables of interest 
are those that have traditionally been pf interest in the study of cogni- 
tive development. There is overwhelming evidence that individuals differ 
significantly in their cognitive development. This is attested to by 
the difficulty researchers have encountered in attempting to identify 
reliable stages of cognitive development. Any coo^plete theory of cognitive 
development must include ways to account for and descriJbe these individual 
differences. In the second case the emphasis is on individlxal differences. 
Here the question is what is the origin of individual differences? How 
do they develop, and how consistent are they over the course of develop- 
ment? For a more complete discussion of individual differences in cogni-- 
tive development see Kagan and Kogan (1970) and Wohlwill {1973) • 

The Development of Mathematical Concepts 

One of the unique features of research in cognitive development that 
has made it especially relevant for mathematics education is the fact 
that much of the research deals with the development of specific concepts, 
many of them mathematical in nature. Although developmental psychologists 
are concerned with the development of cognitive structures that transcend 
the formation of any specific concept, these experiements are designed 
at least in part to describe the development of specific concepts. The 
development of ntmtber', measurement, space and geometry, and adolescent 
reasoning are areas that have repeived particular attention. What follows 
by way of summary is highly selective- For more complete accounts, see 
Brainerd (1973b, 1976), Bryant (1974), Churchill (1961), Flavell (1963, 
1970), and Ginsburg {19?5, 1977a) on number? Carpenter (1976) and 
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Carpenter and Osborne (1976) on measurement i Lesh and Mierkiewicz (1977) , 
and Martin (1976) on space and ge<xaetryi Flavell (1963, 1977} anifMeimark 
(1975) on adolescent logical reasonin^^; afhd the general discussions by 
Beilin 0969) and Wallach (1969) on conservation. 

♦ • 

Number 

Much ol the early research on number assessed children's ability to 
perform conventional arithmetical operations (counting, adding, subtracting, 
etc., cf. Browiiell, 1941). Current research is no longer concerned sijs^ly 
with identifying which problems are most difficult or how many children 
at a given age can solve a certain typi^ of problem. The focus has shifted 
to an attempt to explain the development of basic number concepts and to 
characterize how children solve problems, not simply whether they can 
solve them. 

Current research on the development of early number concepts can be 

categorized into two major lines of investigation. The first attempts 

^o explain the development of primary number concepts in terms. of the develop 

ment of underlying logical op^ations. The second is based on the hypo-- 

thesis that the develojsnent of niimber results from the integration and/or 

increasingly efficient application of certain number skills like counting, 

estimating, subitizing, comparing , and matching. Although there are 
if* 

prominent exceptions and some of the research is difficult to categorize, 
much of this r0search tends to be mechanistic in character, whereas number 
research based on primitive logic is almost exclusively organismic. ✓'""^ 

logical foundations of number > Although McLellen and Dewey (1896) 
called attention to underlying mathematical assumptions over 80 years ago. 
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it is the work of Piaget (1853) ^at provides the focus for current attempts 
to explain Children* s concept of nianber in terms of the develoxwent of 
logical reasoning abilities. Piaget influence has been so great that 
it has led Flavell (1970) to observe, ^Virtually ^ everything of interest 
that we know about the early growth of number concepts grows out of Piaget* s 
pioneer work in the area" (p. 1001) • 

♦ 

For. Piaget number is a synthesis of class and asymmetrical relation. 
In assigning a cardinal number to a set, one disregards the differences 
between elements and treats all the elements of the set as though they 
were members of a common class, ergo the class or cardinal cc«nponent of 
number . However, in counting the set to arrive at its cardinal value , 
it is necessary to order the set- — count one element first, another second, 
and so on. This ordering represents an asymmetrical relation. As a 
consequence of this analysis, a principle focus of Piaget 's research on 
tho development of number has been the study of seriation and clasjs 
inclusion and the coordination cy^f cardinal and ordinal concepts. The 
segment of Piaget ' s investigation of the development of number concepts 
that has had the greatest impact on subsequent research involves the 
principle of conservation. Piaget contends that some form of conservation 
IS necessary for any matheniatical understanding, and almost a third pf 
his book, The Child's Conception of Number , is devoted to studies of 
conservation of one kind or another. 

Piaget describes a stagewise development of number concepts in which 
conservation, seriation, and class concepts develop in close synchrony. 
Tn the first stage children are dominated by immediate perceptual qualities 
of an event and give little evidence of logical reasoning. Consequently 
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they do not conserve, are incapable of seriation, and do not understand 
simple class-inclusion relationships* At this stage only gross quantita- 
tive judgments t based on dominant perceptual attributes r are possible* 
The second stage is a transitional stage* Some progress is 'made on all 
fronts, so that children can construct series and correspondence. But 
they still have difficuJ y when either is transformed* Cardinal and 
ordinal concepts have developed to a great extent, but since they have 
not been integrated ^ children cannot relate them to each other. Finally, 
in the third stage, the development of conservation, class inclusion, and 
seriation is ccfnplete; and the child achieves an operational concept of 
number . 

Most of the Replications of Piaget's research on number have concen- 
t rated on a single task, most frequently conservation • On the whole, these 
studies have confirmed Piaget*s account of the progression of behaviors 
exhibited for each of the individual tasks. Furthermore, these replications 
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have demonstrated that the errors exhibited by /ounq children are not . 
experimental artifacts and do not resul^t simply from children failure 
to understand the questions asked. On the other hand, studies that have 
included a variety of Piaget*s number tasks have found a great deal less 
synchrony^ than described by Pi^lget {cf. Dodwell, 1960, 1962; Wohlwill, 1960) 

A different organization of the logical operations that underlie 
number is proposed by Brainerd (1973b, 1973e, 1976) who takes issue with 
Piaget's contention that an operational understanding of natural number 
results from the concurrent development of cardinal and ordinal concepts. 
He contends that such a theory is inadequate from a logical perspective 
and is contrary to tte results of a number of exnpirical studies that he 



has conducted. Brainerd proposes that the concept of ordinal ntonber is 

if 

psychologically itKDre basic than that of cardinal number » and that the 
former plays a more important role in the early growth of arithmetic con*- 
cepts and skills than the latter. In fact, Brainerd proposes that much 
basic arithmetic is learned before cardinal concepts are acquired; and 
he concludes that the develojOTental sequence is ordinal number, natural 
number, and finally cardinal number* 

These conclusions are based on a series of different studies. In ^ 
one set of studies Brainerd found that children perceive ordinal, sequences 
by 3 years of age, but cardinal number does not begin to emerge until 
about In another set of studies, first-graders were significantly 
more successful on ordinal tasks than on cardinal tasks, and ordinal 
nxamber concepts (but not cardinal concepts) were almost uniformly mastered 
by students who were proficient with basic addition and subtraction facts. 
Finally, in another set of studies it was found that training was signif i- 
cantly more successful for ordinal number than for cardinal nxmiber concept 
and that there was significantly greater transfer to. basic arithmetic 
achievement. 

Brainerd *s results have uniformly supported his position. However, 
in spite of the range of experimental paradigms he has employed, he has 
tended to use the same basic items to characterize ciardination and 
ordination. The ordination problems have generally involved some form 
of transitivity task? the cardination problems are a sort of pseudo- 
conservation task in which subjects are asked to compare the number of 
elements in two sets arranged in what can best be characterized the 
final state of a typical conservation task . It is questionable whether 
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these tasks validly represent' either cardinal or ordinal numbers. 

Another basic question is whether the observed ordinals-cardinal 
sequence is a function of bcGxc con^etence or simply reflects differences 
in difficulty of the selected tasks. Brainerd (1976) cites the results 
of a study by Gonchar (Note 3) as essentially supporting his position. 
However, although Gonchar found the same developmental sequence for 
Brainerd *s tasks, the sequence was reversed when more difficult ordinal 
tasks were used. This led Gonchar to conclude that Brainerd 's ordinal- 
cardinal sequence is primarily a performance distinction between the tasks 
used to measure each concept. 

Research based on number skills . In counterpoint to the logically 
based theories of Piaget and Brainerd, there is a growing body of research 
based on the assumption that the development of number concepts can best 
be explained in terms of the development of specific number skills- This 
may involve the hierarchical integration of a number of different skills 
as illustrated by the work of Klahr and Wallace (1976) and Schaeffer, 
Eggleston, and Scott (1974) ; or it may involve the increasingly efficient 
application of a single skill or a small number of skills. This approach, 
which usually focuses on counting strategies, is illustrated by the work 
of Davydov (1975), Gelman (1972a, 1972b, 1977), and Ginsburg (1977a, 1977b). 

The sequence of development of different number skills has not been 
clearly established. For example, Klahr and Wallace (1976) cite evidence 
to suggest th^t children subitize (directly perceive) the number of 
elements in small sets before they count- Gelman (1972a, 1972b, 1977) , 
however, asserts that counting precedes subitizing. 

Although there is no consensus on which skills are most productive 
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to study or how differer.t skills are hierarchically integrated, there is 
some agreement that the growth* of the ability to count is a central factor 
in the acquisition of number concepts. Children first learn to count by 
memorizing a rote sequence 6f numerals (D'Melio & Willemsen^ 1969; Wlang^ 
Resnick, & Booker, 1971) , They initially have a great deal of difficulty 
counting the number of elements in a set and make a variety of errors like 
counting an element more than onc^, skij)ping an element, or counting on 
after all the elements in the set have been exhausted <Potter & Lev^', 1968) 
Younger children also do not recognize that the number of elements in a 
set IS unaffected by the order in which the set is counted (Ginsburg, 1975) 
Children first learn to assign numbers to small sets and gradually extend 
thpir rangi? (Gelman, 1972a, 197^b, J977; D^Mello & Willemsen, 1969; Wang 
t^t al., 1971). Once they can accurately assign numbers to sets of a 
given size, number becomes a salient feature of those sets; and they have 
some understanding of the effect of different transformations on those 
sots but not on larger ones* However, younger children still have some ^ 
ufficulry attending to relevant attributes in more complex situations, 
and counting does not insure correct responses in typical conservation 
{problems (Carpenter, Note 4) . 

Although this line research does not accept that the >devclopment, 
of basic number concepts depends on underlying logical operations, the 
existence of such constructs as conservation is generally acknowledged. 
In fact the£?e theories often try to explain the development of concepts 
like conservation in terms of the application of nvimber skills. For 
pxample, Celman (1969, 1972a, 1972b, 1977) hypothesizes that conservation 
failures do not reflect an immature conception of number, but that they 
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occiir because children center on different attributes of the array and 
do not attend to numaroasness. Conservation emerges as the child learns 
to attend to the appropriate attribute. Gelman denies that conservation 
is a prerequisite for under:t^tanding basic number concepts • Instead she 
proposes that conservation develops through a growing sophistication to 
apply counting and estimating strategies. Unlike the veiry ephemeral 
conception of number that Piaget attributes to young children f Gelman 
contends that number is a stable and salient property of a set, provided 
that the number of elements is within a range that a child can reliably 
count. 

Gelman contends that children first learn to deal effectively with 
small numbers. Provided that they apply counting or estimating strategies, 
they will conserve and recognize the effect of adding or subtracting an 
element for sets with a smal] number of elements. They will fail, 
however, to generalize these operations to larger sets. In other words, 
these resj>onses are restricted to a domain that the child can count. As 
the ability to count is extended to larger numbers , there is a commensurate 
increase in the domain of under^^ tanding the effect of different transform 
mations • When children finally realize that numbers are infinitely con- 
structiblc by the continued addition of units, they can generalize the 
basic operations and conserve numbei in all situations. 

Gelman (1972b) makes a critical distinction between "estimators" and 
"operators" . 

The cognitive processes by which people determine some 
quality, such as the numorosity of a set of objects, arc- termed 
estimators . The cognitive processes by which people determine 
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the consequences of transforming a quantity in various ways are 

termed operators . (p. 116) 
A similar distinction is made by Ginsburg (1975)^ who identifies three 
cognitive systems that children possess. System 1 includes conservation 
and other processes that are used to make quantitative judgis^ts without 
counting. System 2 involves the various counting strategies that chij^dren 
develop independently of formal instruction. System 3 involves the 
formal knowledge transmitted through instruction. Ginsburg proposes 
that in individual children the three systems may be relatively independent 
of one another or may show some degree of integration. He suggests, 
however, that even though the study of System 2 and System 3 concepts 
will help explain children *s learning of mathematicSf the study of System 
1 concepts is rot productive in explaining children's learning of 
mathematics concepts . 

The Development of Arithmetic Operations * It is not immediately 
clear how the research of Piaget on the development of early number 
concepts might be extended to study children's acquisition of aritlmetical 
operations. One attempt has involved the correlation of performance on 
a test of Piagetian tasks with some measure of mathematics achievement 
(cf. Cathcart, 1971; Dimitrovsky ^ Almy, 1975; Kaminsky, 1971; Kaufman & 
Kaufman, 1972; Nelson, 1970; Rohr, 1973; Smith, 1974; Steffe, 1970; 
LeBlanc, Note 5) . These studies have uniformly found high positive 
correlations, even when IQ is held constant (Kaminsky, 1971; Steffe, 1970; 
LeBlanc, Note 5) . Furthermore* performance on Piagetian batteries 
administered in kindergarten appear to be excellent predictors Cf 
mathematips achievement as much as two years later (Bearison, 1975; 
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Dimitrovsky & Alinyr 1975) . 

One limitation of correlational studies that is often overlooked 
in the rush t^identify educational in^^lications of research is that they 
do not specify cause and effect relationships. High positive correlations 
between performance on Pi^agetian tasks and arithmetic achievement does 
not imply that mastery of these tasks is a prerequisite for learning 
arithmetic skills. In fact Mpiangu and Gentile (1975) found that training 
on arithmetic skills did not have a differential effect on the learning 
of conservers and nonconservers. In other words, although conservation 
was correlated with overall arithmetic achievement, nonconservers benefited 
as much from Mpiangu and Gentile's instruction as conservers. Thus, 
conservation was not necessary to benefit from instruction. However, 
to conclude on the basis of this study that the lack of conservation does 
not limit children's ability to learn computational concepts would be 
inappropriate • As did most of the correlational studies, Mpiangu and 
c;entile's studies relied on superficial measures of arithmetic achievement. 
Even Piaget would not deny that nonconservers can be taught a variety 
of arithmetical calculations. From a Piagotian perspective, the important 
question is^ What meaning do the operations have for children? This 
requires that the concepts have a certain degree of generalizability , 
transfer, and resistance to extinction. 

The significance of the kind of learning measured is demonstrated 
by the teaching experiment by Steffe et al. (Note 2). Their results 
indicate that ^although nonconservers learnfed many of the same counting 
strategies as conservers, they learned them in a much narrower sense and 

could not transfer them to related problems. It is not clear what 
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injplications these results hold for instruction. There was no evidence 
that the nonconservers were harmed by instruction or would have benefited 
from having instr action deferred. A great deal i»re research is needed 
before we understand how the developnent of conservation affects the 
learning of other mathematical concepts and operations. 

The link between the development of cfaunting strategies and the 
learning of arithmetic operations is easier to establish. Children's 
earliest notions of addition and subtraction ate built on counting; and 
even before they receive formal instruct;ion in addition and subtraction, 
they can solve simple problems usingi a variety of counting strategies. 

Even after several years o^^^aPt ruction on addition and subtraction 
algorithms^ children continue to employ a variety of counting and heuristic 
strategies. Different strategies involve varyixit^ deg^es of sophistication 
and efficiency. For example, younger or less capable children tend to 
count all the elements in sets representing addition or subtraction 
problems, whereas older or more capable children may use appropriate 
counting on or counting back strategies. 

Several techniques have been used to study the processes that children 
use to solve problems involving the application of arithmetic operations. 
Perhaps the most productive involves the use of clinical interview 
techniques (Davydov, 1975; Ginsburg, 1976, 1977a). A second approach 
has been to us^ response latencies to in'fer what sort of strategies 
c|iildren apply to the solution of different problems (cf . Grpen & Packman, 
19>2; Groen & Poll, 1973; Rosenthal & Resnick, 1974; Suppes, 1967; Suppes 
& Morningstar, 1972; Woods, Resnick & Groen, 1975), This approach involves 
breaking -operations down into a series of discrete steps (e.g., counting 
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by ones) . It is aseun«d that the time required to solve a givcrn pnibloia 
using a particular strategy is a linear function of the nunsber of stfeps 
needed to reach the solution. By finding the best fit between response 
latencies for subjects solving a variety of problems and the regression 
equations of possible solution strategies^ the most lip^ropriate model 
can be inferred. For example, to solve 9-6, children might count down 
6 units from 9, or they might count up f rcan 6 until they reach 9 and 
keep track of the niKnber of units. For this particular problem this 
latter strategy would require fewer steps? the counting down strategy 
Vrfould be more "Efficient \or 8-2. The evidence to <tete suggests that 
there is a developmental trend for children to trove from using a single 
model exclusively to a more heuristic strategy by which they attempt to 
choose the most efficient strategy^ 

Most of the research on number has concentrated on the early develop- 
ment of number concepts. There have been only a few clinical studies 
of the processes that children use to solve more advanced problems, 
(cf. Erlwanger, 1975; Lankford, 1974, Note 6). Developmental psychologists 
tend to be primarily interested in concepts that develop somewhat 
independently of the school curriculum • Presumably this accounts for 
their singular lack of interest in all but the primary number concepts. 
This is one of the ways that the focus of cognitive developnent research 
in mathematics education should be different from that in psychology. 
We are primarily interested in school learning; and the limits that children' 
levels of cognitive developc^nt place on their ability to apply and 
understand algorithms for whole numbers^ fractions, and decimals should 
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be a central focus for such research, 
Measiurement 

Although the development of measurement i^. frequently subsumed under 
the developiaent of gecMuetry, in many ways recent measiarement research f 
seems more closely aligned with research on basic number concepts than 
with research on space and ge«netry. The work of Piaget (Piaget, Inhelder# 
& Szeminska, 1960) provides the focus for much of the recent research 
on the development of measurement concepts. He and his colleagues found 
that the general stages of development of number concepts also characterize 
major phases in the development of measurement. However , for measurisment 
the second and third stages are each divided in.to two substages and a 
fourth stage is added. 

As with number, conservation ig the central idea underlying all 
measurement. The attainment of conservation and the corresponding 
notion of transitivity is the hallmark of the first le\^el of the 

achievement of measurement concepts (Stage IIIA) . Measurement further 

- } 

depends on the synthesis of change of position and subdivision so that 
unit iteration is possible (Stag^ IIIB) . Finally, the develo|5laent of , 
formal measurement operati'i^ns is complete with the onset of the ability 
to coordinate the measures of several linear dimensions\^so that areas 
and volumes can be calculated directly from their respective linear 
dimensions (Stage IV) . 

Piaget et al. (1960) assessed the development of measurement 
concepts with a great variety of measurement and premeasurement tasks.. 
In the earliest stages children do not conserve and are unable to apply 
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any sort of measurexoent operations correctly • In later stages they 
begin to apply some rudio^ntary fortos o£ measurement, but they will use 
unreliable measures like the span of their arms and still rely exten- 
sively on visual comparisons • By trial and error they gradually discover 
that if it takes more units to cover A than then A is greater than B; 
But initially they fail to understand the in^rtance of the size of the 
units and often count a fraction of a unit as a whole or egtiate t%ra 
quantities that measure the same number of units with different sized 
iinits of meas\U"e. 

Conservation and transitivity are attained at about 7 to 8 years. 
Although this marks a significant stage in the development of measurement 
concepts^ operational measurement is still not achieved. Children in 
this u^dqe can use a moving middle term transitively but only if it is 
as long as or longer than the original . Children at this - 1 age can 
conserve and therefore can compare units. Similarly, they recognize that 
a quantity is the sum of its unit covering . However, these ideas have 
not been fused. Children in this stage continue to ignore the size and 
completeness of units of measure, and consequently unit iteration is not 
possible. It is also interesting that although children at this btage 
conserve included area and volume they fail to conserve complementary 
area or occupied volume. In other words , they recognize the equality 
of areas and vo^imes contained within certain boundaries but do not re- 
cognize that the amount of space occupied by the object in relation to 
other objects around it must also be eq\ial. The eventual coordination 
of change of position and subdivision makes unit iteration possible, but 
it is not until the onset of formal operations at the age of about 11 to 



* 12 that development is complete and the calculation of areas and volumes 
is possible. As v th the number research Piaget and his colleague's 
C1960) d^cription of the range of children's responses to individual 
tasks involving conservation and transitivity has been confirmed, but 
the relationship between tasks and their place in the development 
of measur€^nt has been questioned. 

Some of the most interesting research on measurenient has revolved 
around the use of different units of measure . A unique feature of the 
measurement process that distinguishes it frc^ simply counting 'is the 
unit of measure. In assigning a number to a set, the units are the 
individual elements of the set. However, in the measurement process the 
individual units that are counted may not be distinguishable, and different 
units may he used to measure the sait^ quantity. This second feature of 
units of measure has been the s^abject of a variety of studies* 

One study employed a series of conservation and measurement tasks 
in which children were provided both measurement and visual cues regard- 
ing the relationship between two liquid quantities (Carpenter, 1975} . 
In some tasks children had to focus on the visual cues; the liquid was 
in identical contai^rs and was measured with different units. In others 
the same unit was used; so children had to focus ^n the numerical cues 
since the visual cues were misleading. This stuSy found that, contrary 
to earlier hypotheses, virtually all first- and second-grade children 
respond to nuriierical measurement cues at least as readily as to perceptual 
cues. However, the majority still center on a single dominant dimension, 
numerical or perceptual, depending on the problem situation. This leads to 
both correct and incorrect judgments. But the errors appear to result 
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from an inability to attend to the relevant cueSr not misconceptions 
regarding the relevance- of measurement operations. Almost all errors 
resulted from children resp<^nding to the most recent cues^ whether they 
were numerical or perceptual. In fact, there was a greater tendency to 
focus on numerical cues than visual cues^ and virtually all children 

correctly responded on the basis of nimiber in the simplest measurement 

\^ 

situations. These results are consistent with Gelmafi*s (1972a) hypothesis 
that number is a salient property in arriving at quantitative judgments - 

Furthermore^ just as counting and estipiating operations formed a 
basis for the development of conservation with discrete sets in Gelman*s 
studies, there is evidence that measurement operations may extend this 
domain to include continuous quantity. Three of the most successful 
conservation training studies have used measurement activities to train 
conservation (Bearison, 1969? Fusaro, 1969; Inhelder et al., 1974). A 
longitudinal study by Wohlwill, Devoe, and Fusaro (Note 7) found a signi- 
ficant correlation between performance on a set of measurement tasks and 
performance on a conservation test administered approxixnately nine months 
later- Although the data are somewhat tenuous, they support the hypothesis 
that measuring activities actually contribute to the natural development 
of conservation and are not limited^ to laboratory training sessions. 

All in all, a fairly consistent, if soiMiwhat illogical, sequence emerges 
in the development of number and measurement concepts. It is clear that 
children's logic is not congruent with adult logic. Children who do not 
conserve length are also incapable of reasoning that this conservation 
failure should have any consequences for their measurement activities. 
If children are not asked specif ic" conservation questions # the questions 
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do not occur to them and they blissfully count the units just as any 

\ 

adult would do. As a consequence conservation is not a prerequisite for 
successfully performing certain measurement tasks. 

Children come to school with a well established notion of counting. 
Number is a salient cue that children readily attend to- However # they 
still have difficulty controlling their attention and tend to center on 
a single dominant dimension, sometimes numerical and sc^aetimes perceptual. 
This leads to a number of correct and a number of incorrect judgments. 

Although measurement with a single unit is possible for quite young 
children^ difficulties are enco\intered relating measures using different 
units. Here one of the incongruities in the development of measurement 
concepts is found. It seems logical that children would learn to identify 
the effect of measuring with different units by observing the results 
of actual measurement with different units . However , children know that 
an inverse relationship exists between the size of the unit and the number 
of units measured long before they are able to apply this knowledge to 
measurement problems involving several different units {Carpenter 6< Lewis, 
1976} . This may account in part for the equally incongruous finding of 
Inhelder et al . (1974) and Montgomery (1973) that measurement training 
involving comparisons of measures made with different units of measure 
are successful with relatively young children. 

Space and Geometry 

The work of Piaget and his colleagues (Piaget & Inhelder, 1956) also 
provides a central focus for much of the recent research on young children' 
spatial and geometric concepts. A central feature of Piaget character!-- 
zation of the development of spatial concept^ is his distinotion between 
perceptual and conceptual space. "Spatial concepts are internalized 
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actions and not merely mental linages of external things or events'* 
CPiaget & Inhelder, 1956, p, 454) . A yomig child might be able to 
perceive the differences between a circle and a triangle but be unabl<^ 
to deal with these differences conceptually. For example, the child / 
may be unable to represent these differences in a drawing or to distin- 
guish between the figures tactically* 

Piaget and Inhelder describe three main series of spatial studies- 
one dealing with topological concepts ^ one dealing with projective con- 
cepts, and one dealing with Euclidean concepts. They propose that certain 
topologi ;al properties like proximity, separation, order, enclosure, and 
continuity are primitive spatial concepts from which projective and 
Euclidean concepts emerge. These properties are unaffected by a variety 
of transformations and, hence, do not require conservation • In projective 
space, objects are no longer considered in isolation but rather from 
particular points of view. Thus, the studies in this series characterize 
children's growing ability to describe objects viewed from a perspective 
other than their own. Since straight lines are preserved in a projective 
sp^cc, children's ability to construct i^traight lines is considered to 
be another measure of their knowledge of projective space. 

From a Euclidean perspective, space is viewed as a common medium 
containing objects with well'-def ined spatial relationships between them. 
At an operational level, distance, area, and volume are conserved and 
measurement is possible. In addition to concepts of distance, relations 
between objects depend upon a reference system of horizontal and vertical 
lines. Thus, for Piaget, the ability to conserve and measure and an 
understanding of the properties of horizontal and vertical lines arc the 
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hallmarks of the emergence of an operatlonaiL view of Euclidean space. 

ScK^ck (1976b) characterises the differences between the three spatial 
domains as follows: "In siK>rt^ topological space deals v^th the internal 

relations of the isolated object. Projective space deals with the rela- 
tions of objects to subjects. Euclidean space deals with the relations 
of objects to objects" (p. 48) . 

Because of the great variety of tasks Piaget used to assess children* 
concept of space and the concurrent develo£snent across three related 
spatial domains, it is even more difficult to characterize briefly Piaget* 
work in this area than in the areas of number and measurement • For a 
more complete account see Smock i(1976b) • 

Certain parallels exist between Piaget 's research on number and 
measurement and his studies of spatial concepts • Whereas number concepts 
were grounded in basic logical class and relational concepts, Euclidean 
space was built on the logically nu^re basic concepts of topology. The 
course of development also follows parallel paths starting with a 
stage of gross global judgments and proceeding through an intuitive trial 
and error stage to a final operational stage. In fact, some of the same 
underlying factors seern "to account for errors in all three realms. 

A primary feature of development that seems to affect children's 
concepts in all areas is the growing ability to control attention, to 
attend to relevant attributes. Whereas difficulty in controlling 
attention leads to conservation errors in number and measurement problems, 
it also appears to contribute to children's difficulty constructing 
straight lines and their failures on tasks testing their ability to 
construct horizontal and vertical lines. Failures in both areas tended 
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to result from childi*en*s inability to ignore the irrelevant character- 
istics of the surrounding medium. Children tended to construct straight 
lines following the edge of the table on which they were constructing 
them, even when the table was round? and they represented the level of 
water in a jar as being parallel to the bottom of the jar, even when the 
jar was tilted at an angle* 

As with number and measurec^ntr replications of the Piagetian tasks 
have found the same range of responses identified by Piaget. The tendency 
for replications to find' a great deal less order and symmetry than 
described by Piaget holds true for spatial investigation (cf. Dodwell, 
1963) . 

Several comprehensive attempts to expand Piaget 's investigations 
of space have been reported. Laurendeau and Pinard (1970) describe a 
detailed experimental analysis of five tasks derived from Piaget* s work 
in an attempt to construct a scale of spatial development. A second line 
of research has been conducted by the Genevans themselves. Laurendeau 
and Pinard 's research has been directed at critically analyzing and vali- 
dating the earlier work of Piaget and Inhelder (1956), whereas the recent^ 
work of the Genevans has attempted to expand the domain of the research 
to new tasks that deal with new concepts. These include the study of 
children's ability to deal with reflection and rotation transformations, 
several studies of children's understanding of the relationship between 
changes in area and perimeter^ and a study dealing with children* s 
ability to describe the characteristics of a Moebius ring. Although the 
complete report of these studies is not available in English translation, 
a suasnary has been reported by Montangero {1976) . 
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Another characteri2;atiDn of the cteveXopoient of geoiMtry concepts 

has been proposed by the van Hieles (Preudenthal^ 1973; Wirssup, 1976) . 
They pick up where Piaget leaves off and describe a deveiopiMnt sequence 
culminating in abstract geometric systems, They propose that the 
development of geometry proceeds tiirough five levels. In Level I children 
perceive geometric fiyures in global terms. Altnough they recognize and 
can reproduce squares, rectangles, and parallelograms, they cannot isolate 
specific attributes of the figures. They also are unable to identify 
relationships between different figvires and do not recognize that all 
squares are rectangles, all rectangles are parallelograms, and so on. 
This is similar to Piaget 's observation that young children have 
difficulty constructing class hierarchies in general. 

At Level II children can isolate individual attributes of figures. 
But these are established empirically, and the child does not see that 
certain properties imply that other properties must also be present. 
In other words children at Level II may recognize that the opposite sides 
of a parallelogram are both parallel and congruent but these properties 
aro simply considered to occur concurrently. The child does not 
recognize that any quadrilateral with opposite sides congruent must be 
a ])arallelogram. Children at this level can identify the common attri- 
bute.^, of different figures but still do not discern the class hierarchy 
between figures like squares, rectangles, and parallelograms. 

Level III is a transitional level between the essentially empirical 
qeomotry of the first two levels and the formal systems of the next two. 
Deduction must be supplemented with empirical demonstration. Students 
at this stage see that certain properties must follow from others and 
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understand the multiple classif icat^^on of geometric figures • But the 
student's ability to use deduction is still limiced and reqiiires the 



support from the teacher or textbo->k, ^ 
At Level IV a deductive system a^. the level of Euclid's Elements 



is complete. But it is not until Level V that an understanding of 
abstract systems divorced from concrete representations is acquired. 

The van Hieles propose that there are distinct discontinuities 
between levels and that the levels cannot be skipped, yjnlike Piaget they 
propose that the levels develop primarily under the influence of school 
instruction • Therefore, instruction should be geared to lead students 
deliberately from one level to the next. Wirszup (1976) reports on the 
efforts of two Soviet researchers who have based a program of geometry 
instruction on the work of the van Hieles with striking sucfcess. 

If the van Hielea' analysis is correct, it would have serious impli- 
cations for instruction in geometry - Formal instruction in 10th grade 
qeometry begins at lievel IV and is preceded in earlier grades by 
relatively feeble efforts that certainly would be insufficient to lead 
students through Levels II and III. However, although there is an 
almost a priori logic to the sequence of development described by the 
van Hieles, it is not yet clear that the course of development is as 
rigid as they propose • At this point, relatively little research has 
been conducted to validate their conclusions. Although Wirszup (1976) 
reports that the Soviets have conducted extensive pedagogical investiga- 
tions based on the van Hieles' work, it has yet to attract the attention 
of American researchers; and the implications for American curriculum 
are still unclear- It is clear, however, that many, if not most. 
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Students fail to master even the basic elements of formal geometry; and 
the van Hieles' work provides a beginning framework for research in this 
area. 

Adolescent Reasoning 

Although the study of cognitive developnent in children is currently 
a major focus of research in both psychology and education, the j^railel 
study of adolescence has not fared so well. In general the study of 
adolescent reasoning is characterized by "the paucity of systematic 
evidence^ by the limited generality of what evidence there is, and by 
the almost complete failure to relate intellectual development to other 
concomitant developmental changes which mark this period" {Neimark, 1975 # 
p. 541) . 

Ti^e scarcity of available x:esearch makes it impossible to specify 
with any confidence the precise nature of adolescent thinking* However, 
on the basis of a comprehensive review of current research, Neimark (1975) 
concluded that there is a stage of cognitive development beyond, and 
different from^ the concrete operational stage of middle and late child«- 
hood. Although Piaget initially proposed that this stage emerges between 
the ages of 12 and 15, it appears to develop later in many children* 
In fact, it is not attained at all by some individuals. Furthermore, 
there is a great deal more variability in the application of the formal 
reasoning structures of this period than is the case for the concrete 
operations of earlier stages • Even adults operate at a fomal operational 
level on some tasks but fail to do so on others. Piaget (1972) himself 
concedes that at this stage individual aptitude, interest, and experience 
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appear to play a significant role in determining irfiich tasks an individual 
can complete successfully- Although it is conceded that training should 
be a significant factor at this stage, the specific effects of training 
are largely unexplored. 

The most fundamental property of formal thought is the ability to 
consider the possible rather than being restricted to concrete reality 
(Inhelder & Piaget, 1958) . At this stage adolescents can identify all 
possible relations that can exist withia a given situation and systematically 
generate and test hypotheses about these relations. They are also capable 
of evaluating the logical structure of propositions independent of any 
concrete referents, and, they are able to reflect upon their own thought 
processes- Formal operations are also characterized by an ability to 
use more complex classification strategies and to shift the basis of 
classification more readily. In this stage adolescents are increasingly 
aware of the demands that tasks place on memory and use more efficient 
strategies for dealing with them. They alao have much greater compre- 
hension of key logical connectives and quantifiers. 

In general, th^^ capabilities of formal operationS^ thought appear 
to be necessary for success in most mathematics beyond basic arithmetic. 
The construction of formal proofs and the learning of general heuristic 
strategies certainly appear to depend on formal reasoning processes. 
These are both areas in v^hich many high school students experience little 
success- To what degree this failure results from these students* inability 
to operate at a formal operational level 4^ largely a matter of conjecture, 
since there is little empirical evidence one way or another. 

In many waysr the potential significance of cognitive development 
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research for education xnay be greater at adolescence than at' the earlier 

stages^ where it has been cpncentrated . Although concepts like conser- 
^ vation and transitivity are logical prerequisites for mqst of niimber and 
measurement^ they are not an integral part of what child^ren actually do 
when generating addition facts ^ learning algorithms* or making^ simple 
measurements. As a result, in spit^ of an o\erwhelming numter of studies 
involving these concepvs, their consequence for the learning of elementary 
mathematical concepts remains ambiguous* Hov^ver, the abstract reasoning 
skills of the formal operational stage are precisely those that are 
needed for any real success in high school mathematics. Furthermore^ 
the development of these skills in any given area appears to be much Eiore 
a function of specific experience than in earlier stages. Consequently 
it is likely that specific, relatively short term training should have 
a more profound effect than has Icjeen demonstrated by the myriad of 
conservation training studies. jince many adults fail to attain formal 
reasoninq levels in many areas, it would also be easier to argue that 
such instruction has some educational value in its own right • While it 
is generally conceded that experience and training should be a significant 
• factor in the development of formal reasoning, the specific effects of 
training are largely unexplored at this level . 

The study of the development of formal reasoning is a potentially 
rich area that has not seen the concentration of studies that there 
liave been on conservation and early number concepts. A ntmtbef' of 
individual studies have dealt with the development of various mathematical 
concepts at a formal operational level . For example , see the studies 
on proportionality by Ginsburg and Rapaport (1967) , Lovell and Butterworth (1966) , 
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Ltinzer and ^xskfrey (1966), and PiOTfrey (1968) p tiw studies on probability 

by Lovell (1971d) ; the study of limits by Tafaack (1975) ; and the studies 
on the concept of a function by Lovell (1971c) and Thomas (1975) . These 
studies have just begun to unravel the basic question of how the 
development of foxrmal reasoning skills affect the learning of mathe- 
inatics, and the study of formal operations should be a prime area for 
research in matheraatica education in the future. One of the major 
problems in this regard is the construction of good measures of formal 
operational thought . 

New Directions 

Recent research in cognitive development has been dominated by the 
research and theories of'Piaget. In the areas of numt>er, measurement, 
geometry I and formal reasoning almost all the research pf major interest 
has been conducted either on the basis of or in reaction to his theories 
(Flavell, 1970). His influence has been so extensive that it has lead 
Weimark (1975) to observe : "There is only one comprehensive theory of 
cognitive development, Piaget's. Ml other contenders are so deeply 
influenced by and derived from the work of Piaget as to be better 
classified as shifts in focus or extensions" (p. 575) . 

Recefitly, however, several alternative approaches to the study of 
cognitive development have emerged. Klausmeier, Ghatala, and Frayer (1974) 
suggest that the general principles of concept learning outlined in 
their Concept Learning and Development model might be useful in studying 
the development of basic concepts; and Scandura (1977) has proposed that 
structural learning theory may provide a productive framework for the 

V 



54 

-analysis of dsvelopmental ph«^|ioiMna. Another interssting \inm of rtMACeh 

is proposed by Wheatley, Mitchell, Frankland, and Kraft. (1978) who have 
been examining tiie isaplications of hemispheric specialization for cogni- 
tive developit^nt. Recently translated Soviet research provides an 
especially rich source of ideas for cognitive developimnt research in 
mathematics education. Of special note are the recently available 
works of Vygotsky (1978) and Krutetski (1976) and the fourteen volumes 
of the Soviet Studies in the Psychology of Learnincf and Teaching^ Mathe- 
maiics > Another potentially productive approach involves the application 
of information-processing theories to the study of cc^nitive development. 

Soviet Studies 

Like Piaget's research much of the Soviet research has relied on 
qualitative methods and has focused on mental operations and other pro- 
cesses that children use to solve problems. However, whereas Piaget 
and most Western psychologists have focused on concepts that presiimably 
develop independently of the school curriculum, the Soviets maintain 
that cognitive development and school learning are inexorabJy linked • 
"In the final analysis, a pupil's mental development is determined by 
the content of what he is learning. Existing intellectual capabilities 
must therefore be studied primarily by making certain changes in what 
children learn at school" (El'Konin & Davydov, 1975, p. 2), Thus, 
stages of development are not viewed as absolute? and it is believed 
that changes in the curriculum can result in significant changes in the 
nature of the develojanental stages through which a child passes* The 
types of misconceptions that Piaget identifies in early stages of 
development are attributed to shortcomings in the curriculum, and much 
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of the Soviet research is directed at identifying such misconceptions 
and reconstructing the curriculxxm so that they do not develop. The 
view is also held that the various logical reasoning processes used in 
mathematics sire not strictly a ^tinction of siaturation and general 
real world experiences but can be learned through appropriate instruction 
The instructional treatments that are used in Soviet research are not 
the short clinical studies typical of most Western research* Much of 
the instruction occurs in school settings over extended periods of time, 
sometimes as long as an entire academic year. 

The Soviet studies do not provide the unified theory found in the 
work of Piaget, Although 6 of the 14 volmnes deal with issues involving 
cognitive development, the studies reported represent the work of many 
different authors attacking a variety of different problems. Only the 
works of Krutetskii (Krutetskii, 1976; Kilpatrick & Wirszup, 1969b), 
Vygotsky {V^e2, 1978) and possibly El'Konin and Davydov (Steffe, 1975) 
are presented in sufficient Hetail to provide -inything approaching a 
unified theory. 

Several examples that illustrate the general orientation and 
techniques of Soviet research follow. The first example reports the 
results of a study by Gal'perin and Georgiev (1969) dealing with the 
learning of measurement concepts by young children. The second involves 
a discussion of several theoretical constructs of Vygotsky *s that have 
potential implications for research in mathematics education. A brief 
summary of Soviet research in instructional psychology can be foixnd in 
Volume I of the Soviet Studies series (Menchinskaya , 1969) * 

The study reported by Gal'i:>erin and Georgiev clearly illustrates 
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the difference between the Soviet and Piagetian points of view. 6a:^*perin 
and Georgli^ identified many of the same types of conservation and 
roeasureiaent errors found by Piaget. But ri^ther than accepting these 
errors as developmental phenOTiena, they attributed them to the traditional 
emphasis in school mathematics programs on number concepts, which 
incorrectly characterized units as discrete entities. 

To test their hypothesis, they administered a series of measuren^nt 
problems to the ''upper group" of a Soviet kindergarten* They concluded 
that young children who are taught by traditional methods lack a basic 
understanding of a unit of measure. They do not recognize that each 
unit may not be directly identifiable as an entity and that the unit 
itself may consist of parts. They are indifferent to the size, and 
fullness of a unit of measure and have more faith in direct visual 
comparison of quantities than in measurement by a given unit. „ 

On the basis of this study, Gal'perin and Georgiev de^^ised a program 
of 68 lessons that focused on measurement concepts and systematically 
differentiated between units of measure and separate entities. The 
lessons were divided into three parts. The fir^t part dealt with forming 
a mathematical approach to the study of quantities. This section 
focused on replacing the habit of direct visual comparison with systematic 
application of measuring units. Appropriate units for measuring 
different quantities were identified, and measuring skills were studied 
directly with special attention being directed to the deficiencies iden- 
tified in the pretest. A variety of units was used, including units 
consisting of several parts (two or three matches, spoons, etc.) or some 
fractions of a larger object (half a mug or stick) . All these concepts 



were presented without assigning numbers to the quantities. 

Not until the second part was the concept of nujnber introduced. 
Thus, Gal*perin and Georgiev introduced most of the basic measuring 
skills and spatial concepts before they introduced numbers. In the 
third part, the inverse relationship between the size of the unit and 
the number of units was introduced. 

Although the investigation was not conducted with strict experi- 
mental controls, the students who participated in this program showed 
striking gains over the perfoxrmance of the previous year's students. 
Whereas fewer than half the students in the previous year could answer 
most of the items on the measurement test, performance was close to 
100% for the uj^rimental group. 

Another example cf Soviet research that provides a counterpoxnt to 

Ik 

Piaget is found in the work of Vygotsky {1962, 1978) . In a recent paper 
Fuson (Note ^) has discussed at some length how Vygotskian theory might 
be applied to the study of number concepts. Several of Vygotsky 
constructs may also provide' a useful framework for cognitive develop- 
ment research in other areas of mathematics education. 

One potentially useful construct involves the distinction between 
spontaneous and scientific concepts. Spontaneous concepts are generated 
by each child on the basis of concrete experience and the child's own 
mental effort. Scientific concepts, on the other hand, are the product 
of direct instruction or interaction with adults. Vygotsky proposes 
that it is the interplay between spontaneous and scientific concepts 
that leads to development. The formal structure of the, scientific 
concepts helps to organize the.child*s s^xjntaneous concepts into a 
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coherent sysftem^ and the experiential b^sis of the spontaneous concepts 

provides loaaning to the scientific cQncepts at a more elementary concrete 

I 

level. The significant role attributed to instruction in this theoretical 
development is characteristic of Soviet psychology and offers a distinct 
alternative to Piagetian theory. 

Another Vygotskian construct that has potential significance for 
cognitive develojHnent research in mathematics education is the zone of 
proximal developnent. This is defined Jby Vygotsky {1962) as •'the ^ 
discrepancy between a child *s actual mental age and the level he reaches 

in solving problems witii assistance" (p. 103) , This measure, which 

✓ 

Vygotsky suggests is an excellent predictor of children's ability to 
learn from instruction, provides an alternative method of measuring and 
characterizing development that may be especially appropriate for 
educational applications, 

A variety of other interesting studies deserve the attention of 
Western losoarchurs- Tlie work of El'Konin and Davydov {Davydov\^1975 ; 
Steffe, 1975) on children *s early number concepts is especially 
noteworthy. Although the focus of Krutetskii's work is on individual 
differences, many of his techniques and results are of interest from 
the perspective of cognitive development {Krutetskii, 1976; Kilpatrick 
& Wirszup, 1969b) • Volume III of the Soviet Studies Series {Kilpatrick 
& WirsEup, 1969a) contains four papers discussing the thinking processes 
children use in arithmetic and algebra, and Volume V (Kilpatrick & 
Wirszup, 1971) is devoted to the development of spatial abilities. 

Information Processing 

Whereas Soviet cognitive development research has operated from an 
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entirely different perspective than Piaget, information-processing 

V 

approaches have generally attempted to build upon Piagetian research. 
The nature of this contribution is best understood in terras of Plavell 
and WOhlwill's (1969) performance-competence tx>del.. Whereas Piaget has 
been primarily concerned with questions of c<wpetence, information- 
processing approaches have attempted to incorporate the performance 
component of the model into their accounts of cognitive development^. 
Instead of analyzing behavior in terms of the logical and algebraic * 
properties of the problem, tasks are analyzed in tenas of their infor- 
mation-processing requirements. 

Tasks must be analyzed in much more detail than is 
provided by a description of their conventional logical 
structure. The general problem is to determine exactly 
how the input is encoded by the subject and what transfor- 
mations occur between encoding and decoding. The objective 
task structure alone does not yield a valid description 
of the solution performance, and it is necessary to 
diagnose the actual psychological processes in great 
detail to obtain minute descriptions or well supported 
inferences about the actual sequences and content of the 
thinking process. (Klahr & Wallace, 1976, pp. 3-4) 
A wid«^ range of information-processing theories exist. Although 
they are all based on an analogy with the computer and are therefore 
essentially mechanistic, some carry this analogy farther than others. 
At %}u- most tar.k specific level, the goal is to construct a running 
computer program that models some segment of behavior. At the other 
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end of the continuum, the coeiputer acts as a sort of aeta^or to describe 

general processing tnechanisms* The most extensive attempt to generate 
computer simulations of developmental phencsaena is provided by the 
work of Klahr and Wallace (1970, 1972, 1973, 1976) • Their general 
modus operandi can be described as follows: 

Faced with a segment of behavior of a child performing a 
task, we pose the question: ^*What would an information- 
processing system require in order to exhibit: the same be*- 
havior as the child?" The answer takes the form of a set of 
rules for processing information: a computer t iram. The 
program constitutes a model of the child pen the 
task. It contains explicit statements about the capacity 
of the system, the complexity of the processes, and the 
representation of information — the data structure — with 
which the child must deal. (Klahr & Wallace, 1976, p. 5) 
The prominent features of the general architecture of such a system 
include a short-term memory, which is extremely limited in capacity, 
and a long-term memory, which is potentially unlimited in capacity. 
The information-processing system also has access to the external 
environment and some sort of mechanism for controlling attention that 
determines which sensory information is selected for processing • The 
long-term iTK>:aory contains conditions or rules for processing information. 
All processing occurs in the short--term memory ? and information from 
the external environment or long-term memory must enter the short-term 
memory before it can be acted upon. 

The strategy is to produce programs that fit the general architecture 
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of the processing system described above and acciirately model the 
general patterns of success and failture at different stages in the 
development of a given task. Then the question becomes what sort of 
transition mechanisms are necessary to transform one iMdel into the 
next. Klahr and Wallace have been relatively successful in modeling 
different performance levels, but a number of questions regarding 
transition proceses remain. 

At the metaphorical level, one of the most viable information-- 
processing models has been proposed by Pascual-Leone (1970, 1976) - The 
principle focus of this theory regards the capacity of the central 
processor- Pascual-Leone (1970) hypothesizes that the basic intellectual 
limitation of childr*jn is the number of schemes, rules, or ideas they 
can handle simultaneously- -a capacity that increases regularly with c\qv . 
The maximum number of discrete chunks of information that a child can 
integrate is asf^iimed to grow linearly in an all-'Or^none manner as a 
function of age. From the early preoperational stage (3 to 4 years), 
a child's infoiTTiation-processinq capacity, or M-power, grows at tne rate 
uf one chunk every two years until the late formal operational stage 
{about 15 to 16 years) . / 

Children frequently do not operate at full capacity and it is 
proposed that some children h ve a tendency to operate well below 
capacity. The ability to operate near capacity is hypothesized to bo 
linked to individual differences in field dependence-- independence • 
Studies by Case {1972a, 1972b, 1974) and Scardamalia {1977) have pro- 
vided substantial supj^rt for the predictive value of Pascual -Leone * s 
model . 
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Information processing provides a fresh approach to the study of 
cognitive development that may help resolve some of the paradoxes that 
have plagued Piagatian theory. For example, by holc'ing constanc the 
information-processing requirements of the tasks, Baylor, Gascon, Lejiioyne, 
and Pothier (1973) were able to eliminate the well doctimented decalagt;^ 
between seriation of length and seriation of weight. On the other hand 
Scardamalia (7 977) was able to produce decalages in logically isomorphic 
tasks by varyincj the information-processing demands of the tasks. 

Information-processing approaches may also help account for the 
rather illogical sequence of development of certain number and measure^ 
mvnt concepts and children's ability to complete succes^sf ully certain 
instructional sequences for which they lack the logical prerequisites . 

It miqht be hypothesized that the effectiveness of instruction is 
HK^rt- a function of the information-i^rocessing demands of the specific 
t.i*>kf; than of the development of loqical preroqu.i.sitc operations. In 
. tiii'i wwrds, children may benefit from instruction as long as the infor- 
mal 1 uu-proct*ssinq demands of the tasks do not exceed their Units, in 
.s|itf' of fhj^ fact that they do not possess the prerequisite logical 
oj.erat ions . Children's logic is not the same as adult logic . Given 
.ij)pr op^r 1 a i nstiruc t ion , they m; * be able to attend to certain relevant 
ci i int^nsion.s of a stimulus situation and ignore the fact that their judg- 
ments depend ori c:ertain prerequisite knowledge that they lack. For a 
fuxther discussion uf how tlit? deinandis of instruction might be geared 
to the information-processing capacities of the learner, see Case (1975). 

Fiiiwilly, from an informatio:, processing perspective of cognitive 
iovelopment, training studies potentially take on a different interpretation. 
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Although a variety of training procedures have been successful in 
accelerating the acquisition of various Piagetian operations, there is 
no evidence that similar training can increase information-processing 
capacity. One might speculate that the traditional training studies 
have simply shifted the domain in which established information-processing 
levels can be applied. For example , one might hypothesize that 
a lack of sufficient information-processing capacity is the primary 
cause of conservation failures- Children fail to conserve because they 
are unable to focus on several dimensions simultaneously. As a conse-- 
quence they center on a single dominant dimension and fail to conserve. 
From this perspective it might be hypothesized that thu successful 
training studies have simply taught children to fwcus on the appropriate 
attribute but have not accelerated cognitive development in the conse 
of actually changing basic cognitive structure. 

An analysis of cognitive development in terms of inf ormcition-pro- 
cessinq variables seems especially well suited for dealing with educa- 
tional problems. The emphasis on the existence of internal logical 
structures *iici the debate over what evidence is necessary to demonstrate 
the existence of these structures has never seemed especially germane 
to the problems in education. We are primarily interested in perfor- 
mance and can leave the question of underlying competence to the 
1 ' ^'chologists . Our primary concern is whether a child can attend to 
and learn from a particular instructional sequence. An analysis of both 
the mathematical skills and the instructional sequence in terms of 
their information-processing demands provides a potentially productive 
method for relating the mathematics curriculum to one measure of 
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cognitive development. 

Two information-procesFxng variables that show clear developmental 
trends are children's memory and their ability to control attentidn 

{Flavell^ 1977? Kagen, Jongeward & Kail, 1975; Peck, Frankel, & Hess, 

r 

1975) . Many errors in traditional concept develo|Hsient t;;4Sks result from 
children attending to inappropriate dimensions of the problem. Indivi- 
duals are faced with an overwhelming quantity of information from the 
environment that must be routed through the central processor in order 
to be acted upon. This can create a tremendous bottleneck, and the 
mechanisms of attention which determine which information will be 
selected for processing are exceedingly important in characterizing 
information-processing capacity. To plan instruction, it is essential 
to know what stiinu-li children can, and naturally do, attend to and how 
capabJe they are of shifting their attention from one dimension to 
another . 

Me?mory ih al ho an important inf orm^jtion-processing variable. -^As 
children nviture# they usr increasingly efficient coding^ storage, and 
retrieval strategies and are increasingly aware of the demands that 
specific tasks place on meanory and their own abilities to handle these 
demands • Mathematical problenis place significant demands on memory, 
and an inefficient use of memory may clog the central processor when 
its full capacity may be needed to solve the given problem. For 
example, it is quite difficult for most adults to multiply in base 8, 
even when they are given preliminary instruction in different number 
bases and are provided with a multiplication table. To some degree this 
simulates an inefficient memory ^.trategy. 



Potential^ Educational Applications 

Basic research and theory on cognitive development is not focused 
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primarily on ediicational practice or the teaching and learning of mathe- 
matics. However, since the study of cognitive development involves the 
study of basic intellectual functioning in children and since the specific 
content under investigation frequently has involved fundamental xaathe- 
matical concepts, potential applications for the teaching and learning 
of matheniitics naturally come to mind. There are numerous general dis- 
cussions of the relevance of this body of research for educational 
practice (e.g., Athey & Rubadean, 1970; Beard, 1969; Brearly & Hutchfield, 
1969; Bruner, 1960; Furth, 1970; Ginsburg & Opper, 1969; Hooper, 1968; 
Kohlberg, 1968; Schwebel & Raph, 1973; Sigel, 1969; Steadier, 1965; 
Sullivan, |1967; Hooper & DoFrain, Note 9; Klausmeiei Hooper, 19 74) , 
Others haye .specifically addressed the relevance of cognitive develop- 
ment research for the teaching and learning of mathematics (e.g., Coipeland, 
1974; Huntington, 1970; Inskeep, 1972; i^^velJ , 1971b, 1972; andSteffc, 
1971) . 

Some authors have attempted to draw specific inferences for educa-- 
tional practice directly from tlie general research (e.g*, Copeland, 1974; 
Huntington^ 1970) , Sullivan (1967) and Weaver (1972) have made a strong 
case that such extrapolation from pure research based exclusively on 
psychological considerations is inappropriate. What ia needed is what 
Glaser (1976a, 1976b) calls a "linking science" to establish the rela- 
tionship between the descriptive science of cognitive development and 
the prescriptive science of instructional design. In other words. 
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fundamental instructional issues cannot be resolved directly on the basis 
of pure research* Research on eo^nltlv*id d0v#lo|iNi«»ni i«» 4i*i4N*is* 
not prescriptive. It does, however, provide a basis for initiating 
certain lines of instructional research that could address three basic 
curricular issues: (a) What content should be taught ,r (b) when 
particular content should be taught, and (c) how should it best be pre*- 
scnted to the student? 

The Content and Sequencing of Mathexnatical Topics 

The first question involves two distinct issues- One involves the 
question of what content is most important to teach. Kohlberg and 
Mayer (1972), for example^ argue that the aim of education should be 
to foster development and^ in so far as possible, insure that students 
progress through the basic stages of development identified by Piaget/ 
Kohlberg, and others. A similar argument is found in the van Hieles* 
proposals regarding the learning of geometric reasoning skills. Although 
certain elements of the assumptions upon which these proposals are based 
are potentially subject to empirical validation, the basic issue of what 
content is most important to teach seems to be based primarily on 
value considerations. Consequently the implications of this issue for 
research are minimal . 

The second issue involving what to teach is more pedagogical and 
is potentially of greater consequence for research in mathematics 
education- OJice a specific objective has been identified, there is 
still the problem of choosing the most effective way to develop the 
topic mathematically. This involves choosing the mathematical approach, 
definitions, or models to be used and deciding how to sequence topics • 
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During the late 1950* s and early 1960 this choice was based almost 
exclusively on the logical structure of the subject. There is a growing 
awareness, however, that one must also account for the psychology of 
the child learning the subject. 

The basic paradigm involves attempting to trace the natural develop- 
ment of a concept in children and to reflect this natural development 
in constructing the curriculum,. The assumption is that the foundations 
of many basic mathematical concepts develop naturally, independent of 
any specific instruction. Through careful investigation, one can iden- 
tify this sequence and design a curriculum that builds this basic 
foundation and takec advantage of what a child already knows. In other 
words it is pro^xDsed that certain approaches for developing mathematical 
topics will be more congruent with children's cognitive develof^nent . 
The task for rei^earch is to identify the approaches that ?re poter^tiaily 
tno most productive. 

Caution must be exercised in a}.^plyirig this paradigm. There xs some 
question of whether one can identify natural foundation concepts that 
are indet^>endent of current school practice- If children's conceptions 
diverge significantly from the development in the school curriculum, 
a reasonable case can be made that this pattern of development is 
generally independent of the specific curriculum. But if the develop- 
ment of children's understanding of a mathematical concept parallels 
Its development in the school curriculum, it is difficult to separate 
out the effects of the current curriculum. This might not be as great 
a problem as it appears. If children's development follows the curri- 
culum, it may not be possible to isolate the specific contribution of 
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the curriculum; but one can have soioe confidence that the curriculum 
is not in opposition to the natural sequence of develojanent. Thus« 
curriculum changes would be needed only if children *s pattern of 
learning differed significantly from the curriculum. However, any 
attempt to identify the "natural" development of a given cwicept should 
include a careful analysis of the potential contribution of the current 
school curriculum. 

A line of investigation that illustrates the application of this 
paradigm is the work of Brainerd (i973b, 1973e^ 1976, 1979) discussed 
above. He proposes that basic natural number concepts can be developed 
logically either from an ordinal perspective as evidenced by the work 
of Dedekind and Peano or from a cardinal perspective in the tradition 
of Russell and Whitehead. On the basis of his research with young 
childrc^n, Brainerd contends th^it ordinal number concepts develop before 
cardinal number concepts, and ordinal number concepts are more closely 
cuniiocted with the initial emergence of arithjnetic . He recommends, there- 
fore, that soriou.q consideratif:^n be given to abandoning the traditional 
cardinal development of natural number in favor of ordinal definitions. 

Even if Brainerd* s conclusions regarding the sequence of emergence 
of ordinal and cardinal concepts were valid, his reconrnendi^l^ons would 
represent unwarranted extrapolation. No attempt was made in his studies 
to design and test instruction based on the ordinal definition of 
number. Furthermore, the examples of ordinal and cardinal concepts 
included in his studies represent only a very narrow sampling of the 
concepts involved in the development of either ordinal or cardinal numbers. 

It might be more productive to design curriculum to take into 
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account; the explicit concepts, processes, and skills that children ex- 
hibit throughout their acquisition of a topic rather than attempt to 

I 

conpletely redesign it to be consistent with the development of certain 
underlying logical concepts as proposed by Brainerd, One set of explicit 
strategies that might be incorporated in the mathematics curriculum 
involves children's use of various counting strategies to solve simple 
addition and subtraction problems- Traditionally instruction has failed 
to take into account the richness and growing sophistication of these 
strategies. As illustrated by the teaching experiment of Steffe et al. 
(Note 2), curricula could be developed to build on these strategies rather 
than portray operations exclusively in terms of set operations. 

An alternative to focusing on children's naturally developed con- 
cepts and successful strategies is to analyze their errors. By identi- 
fying serious misconceptions or significant prerequisite concepts or 
skills that children are failing to manter, instruction can be designed 
to compensate for these det iciencios , The series of studies by Gal'pt-rin 
and Georgiev (1969) discussed above is an excellent example of this type 
of research. Another example is provided by a study of Zykova (1969) , 
in which children were found to lack certain geometric processing skills 
and instruction was designed spi cifically tu teach these skills. 

Matching Instruction to Appropriate Levels of Development 

A second potentially significant contribution of cognitive develop-- 
ment research for the teaching and learning mathematics deals with 
the issue of readiness. The basic problem is to provide instruction 
that is appropriate for an individual student's level cf cognitive developir^nt . 
The question is not a matter of constructing the r-equence of instruction, 
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but rather of identifying the specific place in the inatsuctional sequence 

/ 

that is appropriate for an individual student at a giv^n stage of develop- 

^ 

ment. 

Prom a mechanistic perspective^ this becomes a problem of identi-* 
fying a hierarchy of prerequiaitfi skills, whether they involve a knowledge 
of addition facts or an understanding of the principle of conservation, 
and insuring that students have mastered all essential prerequisites 
From the organismic point of view, stages of development are a function 
of integrated cognitive structures that are not readily altered by in- 
struction. Therefore, it is not sufficient simply to identify a se^ 
quence of prerequisite skills or knowledge and insure that a child has 
mastered it. One must also account for .the child's ability to process 
information. The problem is to match instruction to a child's level 
of cognitive development rather than simply fit the child into the 
appropriate step in a sequence of instruction. 

A critical difference between the two approaches is that mechanists 

believe that mental processes ;operate essentially unchanged tJirouahout 
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development, whereas the organisiiiic view is that there are qualitative 

differences ip. the processes available to children at different stages 
of development. In the mechanistic approach all learning and develop-- 
ment is reducible to its component parts and is susceptible to instruction . 
In the organismic approach certain fundamental processes like conserva- 
tion or transitivity are representative of basic levels of cognitive 
functioning that are not reducible to isolated pieces or susceptible 
to instruction. The level of development puts certain limits on a child 
ability to learn from particular instructional situations. These basic 
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limitations cannot readily be removed by specific instruction. There- 
fore, the problem for cognitive developsnent research is to identify the 
specific limits for each stage of development and to describe how in- 
struction that is consistent with these limits can be designed. 

There are three central problems involved in this endeavoiF. . First # 
it is necessary to specify the basic dimensions of the individual stages 
of development. Second, the cognitive developmental requirepients of 
each mathematical topic must be identified so that individual topics 
can be matched with appropriate levels of cognitive devel<^pment • Third, 
it is necessary to devise some means to insure that individual students 
are nrpvided with instruction appropriate for thei. level of cognitive 
deve lopment - 

It is ix>ssible to insure that instruction is appropriate for an 
individual student's level of cognitive development in several ways. 
One is to identify ago norms for the attainment of given levels of develop^ 
ment and then sequonce the curriculujn so that a topic is taught at i he 
appropriate grade • This appro.^ch is illustrated xn the article by' 
Huntinqton (1970) criticizing the grade placement of geometry topics 
in the SMSG curriculum on the basis of Piaget, Inhelder, c.nd Szominska *s 
(1060) debcription of children's development of measurement concepts. 

A second approach deals with levels of developnient on an individual 
bc*sis, bince it is generally recognized that there are wide individual 
differences in the rate of coi^nitivc development ^ this approach should 
provide a much better match between an individual child's level of dv- 
velopment and the child's mathematics instruction. The critical problem 
for this approach is to develop a valid, reliable measure of cognitive 
development. 
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A classic series of studies that addresses the problem of readiness 
is reported by Washburne (1939) . Although these studies &re dated and 
the methods and variables under investigation would not be considered 
the awst appropriate today, this series of studies is noteworthy for 
its comprehensive attack on the problem. Over 30^000 students partici- 
pa ted in the studies over a period of more than 10 years. The purpose 
was to identify the appropriate placement of arithnvetic topics in terms 
of individual children's levels of development* Development was defined 
in terms of mental age, and recommendations were based on the initial 
mental age at which 75 to 80% of the students successfully learned a 
controlled teaching unit on a specific topic • 

The measure of mental age used by Washburne (1939) was, to some 
degree, a primitive measure of cognitive develofsnent . However, tasks 
used in instruments measuring mental age are chosen for their psychometric 
properties and may be based on a hodgepodge of different reasoning 
processes; so it ii^ not possible to characterize different levels of 
dev€?lopment in terms of specific cognitive skills • Therefore, Washburne 
was able to e^stablish only an tjonpirical relationship, not a logical one, 
between mental age and the ability to perform different mathematical 
tasks. 

Current attempts to construct scales of development are based on 
theories of cognitive development (usually Piaget's) rather than on 
normative procedures, Piaget hypothesizes that intellectual development 
proceeds through an invariant sequence of stages. The stages are 
characterized by the emergence of integrated systems of new cognitive 
structures that can be applied to a wide range of problem situations, 
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The hypothesized invariant sequence of development should allow the con- 
struction of a series of tasks that characterize sequential levels of 
development and form a good Guttman scale • 

This means that the tasks can be sequenced in an ordinal scale so 
that it is possible to identify specific tasks an individual can and 
cannot do successfully by locating the student at a point on this scale. 
The student should be able to do all of the tasks scaled below that 
point and none above it. Because individual taskii are representative 
of levels of development, these results should generalize to other 
problems that are characteristic of a given level of development- By 
analyzing school mathematics topics m terms of their cognitive develoi)- 
ment requirements, it should be possible to specify which ones are 
appropriate for an individual student's level of cognitive develo^Tment - 

Washburne's argument was somewhat circular and devoid of any cause 
and effect justification. Chronological age or height or weight could 
^ust as well have servt^d as measures of dt.'volopment . The argument was 
simply tb. becausi^ a givt i topic was not mastered by most students 
until a given age using standard teaching practices, this was the appro- 
priate age to teach the topic • On the other hand ordinal scales could 
potentially identify the presence or absence of specific logical reasoning 
processes that are necessary for learning a given topic. 

That's the theory. In practice it has proved a great deal more 
difficult to construct an ordinal scale of development than wctjb 
originally supjxDsed. A numher of researchers have been working on the 
problem for the last 10 to 15 years with only mixed success (Green, 
Ford, & Flamer, 1971; Pinard & Laurondeau, 1904; Pinard & Sharp, 1972). 
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Standardized tests using Piagetian tasks have been constructed (e-g-r 
Goidschmid & Bentler, 1968). But these only substitute Piagetian tasks 
for traditional psychometric itexiis. They are not true Guttitian scales, 
since the number correct is not reproducible from the ordinal position 
of the most difficult item passed. 

There are two major problems- First, factor analytic research 
indicates that logical reasoning is hqt a one-dimensional domain (Kaufman, 
1971; Stephens , McLaughlin, Miller & Glass, 1972; Wohlwill, 1973) , 
Therefore it is unlikely that the major dimensions of cognitive development 
could be incorporated into a single ^M^* However, this problem could 
be resolved by profiling developmen'Mp'^ terms of several scales measuring 
different factors of cognitive development- Pinard and Sharp (1972) 
report an effort to coordinate five ordinal scales--*space; causality; 
classification, seriation, and number; conservation; and time, movement, 
and speed — into an overall test of cognitive development. 

The second problem is more severe?. It has simply proved extremely 
difficult to scale any set of relevant tasks into an invariant sequence . 
The problems of hori?.ontal decalage and the variability introduced by 
methodological variations have created almost overwhelming difficulties. 
The evidence thus far obtained has ab^^ut extinguished what- 
ever hope we might once have held that we could place 
each child on a single dtivelopmental continuum equivalent 
to mental ag^-f, and fzum his score predict his performance 
on content cf whatever kind. {Tuddenham, 1^J71, p. 75) 
Thiii may be overly pessimistic . To date, all efforts to construct ordinal 
scales have been based on a purely Piagetian rationale. By including 
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information processing variablei^ or some measure of task difficulty in 
the equation, some of these problems may be at least partially resolved • 

Furthermore, it ic not clear that task variability poses the same 
stumbling block for education that it does for psychology. The reason 
rests in a construct validity-predictive validity distinction. Psycholo- 
gists have been intent on constructing a scale that locates a child 
at a given point in Piaget's sequence of developmental stages. They 
have felt constrained to develop an instrument that clearly identifies 
a given operation and have become enmeshed in competence -performance 
issues. In order to identify what mathematics a child is capable of 
attending to, competence measures are unnecessary. All that is required 
is to identify a level of performance tliat generalizes to a range of 
mathematical tasks. Performance distinctions should be included in such 
a measure because they are also a part of the mathematical problems and 
the manner in which they are presented* 

In acidition, the- variability that .uis been introduced through 
differences in experience and fiimiliarity with different stimuli may 
{ose less of a problem in constructing an ordinal scale for curricuiuiii 
purposes. Psychologists have attempted to construct a scale that is 
reasonably pure in that it is minimally affected by variations in school 
curriculum- As a consequence they h^vo used stimulus situations that 
are maximally independent of the contei t of the school curriculum. 
Children have a wide range of experiences outside of school, and this 
creates a great deal of variability in stimulus familiarity. By sticking 
closer to the curriculum and using terminology and stimulus materials 
that are part of it, one gains at least some control over one segment 
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of experience, and perhaps can eliminate some of the extraneous error. 

If ordinal scales could be constructed, they might provide a 
relatively efficient measure of cognitive development, which vrould 
explicitly characterize individual children's ability to operate with 
a wide range of intellectual tasks . This characteristic makes thexa 
extremely attractive for application to school practice. BuL although 
the problems involved in constructing ordinal scales may not be in- 
surmountable, they certainly are substantial; and little progress has 
been made in constructing ordinal scales that have potential for classroom 

Although ordinal scalers provide an appealing elegance and ease of 
liMtt-rpretation, their construction is not the central problem. What is 
*'ss-nti :1 is the construction of good measures of children's thinking and 
\ itent if icciti on of specific relationships between performance on those 
isuros and the learning of particular mathematical concepts. Wliether 
' ^>^' moasures fall i: \o an ordinal scale is not critical. It is 
imjx^rtant, however , that the measures of cliildren's thinking predict 
with. r,ome accuracy cn]ldit'n*s ability to learn specific mathematical 
^♦oncf'Mts and skills. 

f*> ^veral alternative directions for d^>^^-io^ :. - such measures are 
P>sbible. They might be based on fundament al di vt lopmental variables 
like conservation, class inclusion, and transitivity that are presumed 

cirvolop outside of formal instruction. A:; noted above, several of these 
measures have been shown to correlate highly witn matheiaatical achievement. 
However, with the exception of the study by Steffe et al . (Note 2), 
nttle progress has been made in relating these measures to children's 
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ability to learn specific mathematical concepts and skills. In other 
words, it is not sufficient to demonstrate that there is a difference in 
overall achievement between conservers and nonconservers . It is necessary 
to document exactly how they differ and what instruction is appropriate 
for each group. 

A second alternative would be to focus more explicitly on the concepts 
and processes that children apply directly to the mathematics they are 
learning. This analysis should go beyond standardized aptitude or 
achievement tests. Even tects specifically constructed to measure whether 
children have mastered specific prerequisite skills are inadequate- Vfhat 
lii needed are moasures of the specific concepts and processes that 
children apply to the content of instruction and the specific errors 
t:hi>y may make. It ij very difficult to get this typr' of information from 
papfi -and-pent^i I tests. An application of clinical interview techniques 
^Uscusi:f*(i by Cin.sburq (1m7*>) seems to be the most promising approach. 

iwevei , in <.3rder f<jr tins approach to have any impact on educational 
I>ractice, efficient procedures for applying it m educ-ational settings 
nrt;d be developed. 

A third ^>otential measure is Vygotsky*s (1962, 1978) zone of proximal 
development. Since this measure actually involves adult interaction which 
represents a form of instruction, it should provide an excellent measure 
of children's ability to benefit from instruction. 

A closely related technique is the aj^^lication of teach-test procedures 
to ascertain children's ability to deal with certain types of ins^uction. 
Teach-test procedures have, frequently been used with mentally retarded 
children to measure their susceptability to traditional forms of / 
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instruction (cf . Budoff, 1967) but have seldom been used with normal 
children. The basic format involves a short, controlled training session 
over certain novel and presumably unfamiliar tasks followed by a test on 
the instructed material. Unlike other measures the initial knowledge 
or ability to do the task is not the primary concern • What is of 
interest is the degree to which subjects are able to profit from the 
instructional sequence . By manipulating the form of the short training 
session r one potentially can generate a measure of children * s ability 
to attend to, and learn from, different instructional sequences . 

A study tliat illustrates the application of this technique is re- 
{X)rted by Montgomery (1973) . This study was an aptitude- treatment inter-- 
action study that examined the interaction of second- and third-graders' 
ability to learn unit of length concepts with two treatments based on 
area and unit of art a concepts . Aptitude was measured using a teach- 
test procedure that partitioned subjects on their ability to learn to 
compare two lengths measured with different units. Subjects wore randomly 
assigned to one of two nine-day instructional treatments on measuring and 
comparing areas. The difference between the treatments was the emphasis 
iUaced on the unit of measure • In one treatment, subjects always measured 
witli congruent units and compared regicms covered with congruexat units • 
In the other treatment, subjects measured with noncongruent units and 
compared regions covered with different units. On both a posttest ana 
a retention test, the treatment that used different units was significantly 
more successful in teaching children to assign a number to a region 
(measure) and to compare two regions using their measures. However, 
there was no significant difference between the two treatments on a 

ERIC 



.79 

transfer test that included problems involving measurement with different 
units, and no significant interactions were found between aptitude levels 
and treatments. The failure to find significant results may, in part, 
reflect certain anomalies in the development of measurement concepts 
that were not taken into account (see the discussion on measurement above) * 
But it does illustrate the difficulties and pitfalls in attempting to 
construct good measures in order to match children to appropriate 
instruction* 

Given the difficulty in characterizing stages of development and 
constructing good measures of development, it is not surprising that .1 ittlo 
has been accomplished in analyzing specific mathematical topics in termi; 
of their cognitive development requirements. A very rough first, approxx- 
mation of this task ii^ provid^^d by the Nuffield Checking Up booklets 
(Nuffield Mathematics Proje-t, i^»7w, r.>7/ ) . 

C hoosing Inst.ructiur;al Strategie s 

The third potential application v)f ;;oqnitivo devoiopment, theory tc^ 
problems of tHJucation involves the clioice of instructional stratcqit-s. 
Cognitive development theory, that of Piaget m particular, has been used 
to justify a wide range of instructional programs that, are based on oprn 
clas^^room, discovery, or activity learning approaches. TVo of the most 
reasoned attempts tc formulate general principles for instruction on the 
basis of cognitive development can be found in Elkind (1976) and Smock 
(1976a). Hooper and DeFrain (Note 9) re^x^rt on a number of attempts to 
apply Piagetian theory to the detsign of preschool programs . 

In general relatively little is known about the specific mechanisms 
t>iat contribute to cognitive development or how they operate; and in spite 
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of the fact that there exists an abundsmce of training studies even less 
is known about how instruction can be designed to take advantage of basic 
developmental mechanisms. Much imjre basic research is needed before spe-- 
cific application of the theor^^ to identify optimal instructional strate- 
gies is appropriate. On the whole , this does not appear to be one of the 
more productive avenues for cognitive development research. Although in-- 
St ruction should be consistent with established theories^ basic research 
in cuqnitive development cannot specify exactly what types of instructional 
strategies are most appropriate . 

Conclusions 

It was observed earlier that most cognitive development research is 
only incidental ly concerned with the learning of mathematics , Variables 
have been r;elcctod for their potential value in explaining the general 
course of cognitive development ; and although mathematical topics have 
frequently been studied, their inclusion has not been motivatt^d by a desire 
to improve instruction in mathematics. In fact, specific content has been 
cnosen for investigation because it is presumed to develop vory much 
i i:dei>endently of the scJiool curriculum; and much of the content of school 
mathematics has been virtually ignored. 

Rohwer (1970) has argued that if cognitive develo^iment research is 
going to have a significant impact un e<iucatiuri, its tlieoritfs will l^iave 
to be recast in an educational context and principles of cognitive 
development will have to be applied directly to educationally significant 
questions- Thus, the objective for mathematics educators should not be 
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to verify some aspect of a general theory of cognitive development. 
Rather we should attempt tto identify how the theories and techniques of 
cognitive development can be ai^plied to deal with issues that are signi- / 
ficant for the l?eachinq and learning of mathematics. Instead vf selecting 
variables for investigation because o£ their independence of school 
experience, we should be primarily concerned with problems that are 
significant from the perspective of the sv;hool mathematics curriculum . 

This refocusing of cognitive develof^ent research in mathematics 
should be aimed at the construction of what Shulman (1974) has called 
midd e-range theories. Such theories fall between the task-specific 
wox-kinq hypotheses that ire generated to explr-ixi individual beliaviurs, 
errors, and thv? like and comprehensive theories, such ac those of Piaget, 
that attempt to encompass all of cognitive development. It is not clear 
that general cognitive structures Ixko Piaqot's groupings are i'Si)ecially 
useful m understanding children's leari Inq of mathemati.cs, and it is a 
j3rofligate expenditure' of limited resources for those of us in mathematics 
education to expend our energies identifying or validating the exist-ence 
of such a 1 1-encompassi nq structures. if we can generate middle-range 
theories that can adequately explain aspects of children's mathematical 
behavior over limited periods of tiiM' we shall have accomplished a great 
deal indeed - 

For example, it should not be the role of mathematics educators to 
resolve the conflict between the theories of Brainerd and Piaget regarding 
the develofanent of the logical foundations of early number c mcepts. A 
more important question for education is how useful are the theories in 
explaining children's learning of concepts that are part of the mat.hematic 
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curriculum. Thus, the question is not whether conservation is a valid 
construct but whether it tells us anything about children's ability to 
learn and apply number and measurement skills. 

Two general applications of cognitive development reseoT'Ch have 
been identified that seem to hold the greatest promise for influencing 
educational practice. The first involves selecting and sequencing of con-- 
tent. The second concerns individualizing instruction on the basis of 
each student's level of development of appropriate concepts and processes. 
Both applications require a good cognitive map of the development of key 
mathematical concepts and processes. This map must take into account both 
individual differences and the effects of instruction, Thus^ a major 
objective for research in ma^nematics education should be to characterize 
tht' processes s .ind concepts that children acquire at significant points 
ill the learning of important mathematical topics ♦ Furthermore, it should 
describe how these concepts and processes evolve over the course of in- 
i.:truction. This involves describing the different processes and errors 
th<^t in(: ' vidua 1 children exhibit on Key tasks at each stage of instruction. 
It ali^o should include^ an analysis of performance on related tasks - 
Although significant individual differences should be anticipated, it 
should be }x:)ssible to identify clusters of children who exhibit similar 
profiles of performance over a range (^f tasks. If so, then key problems 
can be used to identify hov; individual children will perform over the 
complete rat^qe of task^;. 

Finally it is necessaxy to describe the change in concepts, processes, 
and errors over the course of instruction. Piaget assumes that all 
children go through essentially the same stages of development. 'I ^erefore, 
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it is necessary only to characterize each stage to dpsrribr dovclopmont . 
The evidence suggests, however, that there is a great deal of variation 
in the pattern of acquisition of most mathematical concepts • Consequently 
to characterize development of these concepts it is n^^essary to describe 
how change takes place within individual children, or at least groups of 
children, over the course of instruction. This means analyzing how 
certain processes, concepts, or errors at a given stage have evolved from 
the processes, concepts, or misconceptions of earlier stages • For example, 
if a child makes certain errors at a given stage, will they be resolved 
as the child acquires more mature concepts and skills, or will these errors 
be magnified as new concepts are built on these earii-er misconceptions? 
To assess change effectively within individual children, it is necessary 
to follow them over the relevant instructional periods. Thir? does not 
moan that the only appropriate studies arc longitudinal ones that continue 
over the entire course of the development of a given concept. But any 
study that purports > to me-isure mtraindividual change must at least havt 
repeated measures on the same subjects over the time t^iat change is being 
measured. 

Individual children master concepts at different iX)ints xn an 
instructional sequence. An imjx^rtant question is whether all children 
go through essentially the same basic sequence of development in learning 
certain concepts even though they may pass through a given stage at 
d'fferent points in the instructional sequence. In other words are there 
certain key prerequisite concepts or processes Uiat all children achieve 
before they master a given concept? Research should be especially 
sensitive to identifying such key prerequisites. . 

'0 
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Teaching experiments seefa especially appropriate for the research 
program outlined above. They may involve a few children or many. But 
they should systematically monitor children's progress through a carefully 



designed instructional sequence so that the children's specific experiences 
can be identified. In addition the concepts that children have learned, 
the processes they are app3ying^ and the systematic errors they are 
making should be regularly assessed. Clinical interview techniques seem 
most appropriate for this purpose. Finally, this research should not only 
describe children's knowledge or performance at a given point in time but 
should also attempt to characterize their ability to attend to, and benefit 
from, instruction - 

Assuming that it is possible to characterize the development of a 
given mathematical topic, it is not at all obvious how this information 
should be appl the design of instruction. Consider the problem of 

selecting ana ^.tf^ncing appropriate content. Several alternatives are 
i>ossibie. Ono is to identify a minimum set of concepts and skills that 
all children exhibit at one point or another in the acquisition of a 
given topic and to build instruction arountt this basic set . This approach 
^ s not e-^'^-pecially elegant and seems to reduce instruction to the least 
common denominator- However, one might assume that if one teaches the 
minimal set of skills that is logically complete and that can be understood 
by all students, the better students will continue to generate their own 
more complex strategies. A study by Groen and Resnick (1977) offers some 
supix?rt for this hypothesis. 

An alternative approach would be to identify the most efficient 
processes that children use and '^-^r the processes tliat are used by the 
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most capable students and teach those specific processes. Although this 
approach has the appeal of attempting to make the nuDSt efficient strategies 
avaiiable to all the students, there are potential drawbacks- The slower 
students may not have the cognitive capacity to understand or apply the 
complex processes of the better students, and the complex processes may 
be very difficult to teach explicitly . 

Clearly these extremes do not represent the only choices, and there 
is a great deal of iniddle ground. Furthermore, as Resnick (1976) proposes, 
appropriate instruction should not rLecessarily copy the natural develop- 
ment of the concepts in children. Instead, it should put learners in 
the best position to invent or discover appropriate strategies themselves. 
There is no simple answer to the question of how to select and sequence 
content, and it is unlikely that a single approach will be effective with 
all content or for all ] earners - 

Similar problems exist with respect to problems of individu^iiization - 
Should instruction be congruent with a c.liilcrs level of development, t:.n 
that the instructor can be sure the child can attend to the appropriate 
aspects of instruction? Or should instruction lead development, as 
suggested by Vygotsky (1962) and others? 

Research in mathematics education cannot stop with the descrxptiori 
of the development t mathematical concepts. We muse initiate Glaser's 
(1976a, 1976b) linking research to establish how the descriptive informa- 
tion from research intc^ children's thinking can be applied to prescribe 
instruction. Furthermore i this program of linking research cannot wait 
until a complete description of the development of a given concept i^^ 
available- If viable programs of basic and applied research existed # 
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they could interact to the mutUAl bcnofit of both^ Rojio^trch into 
children's thinking could provide the framework for initiating instructional 
research, and instructional research could identify the types of infor- 
mation about children's thinking that are roost useful for making 
educational decisions. 

Like most of the significant problems in education, the problems of 
characterizing children's thinking and applying this information to the 
design of instruction are not simple problems that can be answered fay a 
collection of isolated studies* If any real progress is to be made toward 
resolving these problems, there is a critical need for coordinating the 
rfforts of researchers sharing ideas, identifying and attacking critical 
problems, and standardizing research techniques* 

Four working groups that are dealing with problems relevant to the 
aj)plication of cognitive development to the learning of mathematics are 
currently operating under the general direction of the Georgia Center 
for the Study of Learning and Teaching Mathematics at the University of 
Georgia. They include a working group on number and n^asurement , one on 
rational numbers, one on space and gf»oin€?try, and one on models for 
learning mathematics. These working groups, which constitute a somewhat 
loose consortium of individuals at different institutions, offer one of 
the best mechanisms currently available for unifying uur attack on 
educational problems p 

Papers from a series of research workshops at which these working 
groups were established have been published (Lesh, 1976; Martin, 1976; 
Osborne, 1976) and several monographs reporting tne efforts of different 
wrking groups are in preparation- 
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Cognitive development research in mathematics education must not 
only unify its efforts to attack significant educational problems; an 
effort must be made to insure that the results of this research have 
some impact on school practice. Rohwer (1970) has observed: "The 
relevance of cognitive development for education is easier to establish 
than the assertion that a substantial contribution to education will be 
made from its study" (p. 1380) . Although we must avoid premature conclu- 
sions and clearly establish the links between cognitive development 
research and classroom practice ^ we must not bury our resutls in research 
journals. Part of the consortium orientation should be directed at in-- 
eluding curriculum developers and developing curriculum materials * 
Unless we can convince teachers and curriculum developers to begin to see 
some of the problems of education in cognitive development terms, 
research in cognitive development will have little practical value for 
the teaching of mathematics. 
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